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I. INTRODUCTION 
There are i n  e x i s t e n c e  s e v e r a l  u s e r - o r i e n t e d  d i g i t a l  c o m p u t e r  p r o -  
grams f o r  t h e  s t a t i c  a n a l y s i s  o f  s h e l l s  of r e v o l u t i o n .  A d e t a i l e d  
d iscuss ion   of   mos t   o f   these   p rograms i s  g i v e n  i n  R e f .  1. Of p a r t i c u l a r  
i n t e r e s t  h e r e  is  the program developed by Ba l l  [Ref .  21 f o r  t h e  g e o -  
m e t r i c a l l y  n o n l i n e a r  a n a l y s i s  of a r b i t r a r i l y  l o a d e d  s h e l l s  of r e v o l u t i o n .  
This  program is  a n  e q u i l i b r i u m  p r o g r a m ;  t h a t  i s ,  it s o l v e s  f o r  t h e  d i s -  
placement  and stress r e s u l t a n t  f i e l d s  f o r  a n  a r b i t r a r y  l o a d i n g  c o n d i t i o n .  
S i n c e  g e o m e t r i c  n o n l i n e a r i t i e s  are inc luded ,  t he  magn i tude  o f  l oad  tha t  
l e a d s  t o  a c o n d i t i o n  o f  i n s t a b i l i t y  c a n  b e  d e t e r m i n e d .  
The u t i l i t y  o f  t h e  p r o g r a m  would be considerably enhanced i f  i t  
cou ld   be   u sed   t o   de t e rmine   b i fu rca t ion   buck l ing   l oads   and   t he   behav io r  
o f  t h e  s h e l l  i n  t h e  v i c i n i t y  o f  t h e  b i f u r c a t i o n  l o a d .  T h i s  l a t t e r  
f e a t u r e  is  o f t e n  r e f e r r e d  t o  as t h e  i m p e r f e c t i o n  s e n s i t i v i t y  o f  t h e  
s h e l l  t o  t h e  l o a d .  A s  a c o n s e q u e n c e ,   t h e   o b j e c t i v e   o f   t h i s   s t u d y  was 
to  use  the  computer  program t o  examine  the  buckl ing  behavior  of  severa l  
s h e l l s   s u b j e c t e d   t o   a x i s y m m e t r i c   a n d   n e a r l y  axisymmetric loads .  It was 
a n t i c i p a t e d  t h a t  a n  e x a m i n a t i o n  o f  t h e  e f f e c t s  o f  t h e  small asymmetric 
p e r t u r b a t i o n s  u p o n  t h e  s t a b i l i t y  o f  t h e  s h e l l  would d i s c l o s e  t h e  b i -  
furca t ion  buckl ing  load  and  provide  a q u a n t i t a t i v e  e v a l u a t i o n  o f  t h e  
i m p e r f e c t i o n  s e n s i t i v i t y  o f  t h e  s h e l l  t o  t h e  l o a d .  
11. DESCRIPTION OF THE COMPUTER PROGRAM 
The computer program used i n  t h i s  s t u d y  is  a mod i f i ed  ve r s ion  of t h e  
p rogram  desc r ibed   i n   Re f .  2 .  The  program i s  c a p a b l e  o f  a n a l y z i n g  t h i n ,  
l i n e a r l y  e l a s t i c  s h e l l s  o f  r e v o l u t i o n  s a b j e c t e d  t o  a r b i t r a r y  l o a d s  a n d  
t e m p e r a t u r e   d i s t r i b u t i o n s .  It s o l v e s   S a n d e r s '   n o n l i n e a r   f i e l d   e q u a t i o n s  
f o r  t h e  c o n d i t i o n s  of small s t r a i n s  and moderately small r o t a t i o n s .  
A .  C O O R D I N "  SYSTEM 
The c o o r d i n a t e  s y s t e m  u s e d  t o  l o c a t e  p o i n t s  w i t h i n  t h e  s h e l l  is  s ,  
e and c ,  where s is  t h e  m e r i d i o n a l  d i s t a n c e  a l o n g  a r e f e r e n c e  s u r f a c e ,  
5 is the  no rma l  to  the  su r face  and  e i s  t h e  c i r c u m f e r e n t i a l  a n g l e  
measured about  the axis o f  r e v o l u t i o n .  
B. METHOD OF SOLUTION 
The govern ing  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  are r e d u c e d  t o  f o u r  
s e c o n d  o r d e r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  by expanding a l l  dependent  
v a r i a b l e s   i n   t r i g o n o m e t r i c  series i n  t h e  e d i r e c t i o n .  Each  of  the  non- 
l i n e a r  terms, which are products  of s e r i e s ,  i s  f u r t h e r  e x p a n d e d  i n t o  a 
s i n g l e  series.  The c o e f f i c i e n t s   o f   l i k e   t r i g o n o m e t r i c   a r g u m e n t s  are 
then  grouped  to  form coupled  sets o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  
The sets of d i f f e r e n t i a l  e q u a t i o n s  are uncoup led  by  t r ea t ing  the  non-  
l i n e a r  terms as known q u a n t i t i e s   o r   p s e u d o   l o a d s .  A f i n i t e  d i f f e r e n c e  
fo rmula t ion  i s  employed f o r  t h e  m e r i d i o n a l  d e r i v a t i v e s  o f  t h e  v a r i a b l e s .  
T h i s  l e a d s  t o  sets o f  a l g e b r a i c  e q u a t i o n s  o f  t h e  f o r m  
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The squa re  matrix [e)] is  a banded matrix a s s o c i a t e d  w i t h  t h e  l i n e a r  
po r t ion   o f   t he   gove rn ing   equa t ions .  The  unknown v a r i a b l e s  i n  t h e  column 
matrix @‘“I} are t h e  c o e f f i c i e n t s  o f  t h e  n t h  term i n  t h e  series expan- 
s i o n s   o f  U ,  V, W and M a t  e a c h  f i n i t e  d i f f e r e n c e  s t a t i o n .  The v a r i a b l e s  
U ,  V and W are t h e  d i s p l a c e m e n t s  i n  t h e  s ,  e and 5 d i r e c t i o n s  r e s p e c t i v e l y ,  
and M i s  the   mer id iona l   bend ing  moment p e r  u n i t   l e n g t h .  The a p p l i e d   l o a d s  
i n  t h e  n t h  mode are c o n t a i n e d  i n  t h e  column matrix {q(n)),  and t h e  column 
matrix { q g ) }   c o n t a i n s  a l l  o f   t h e   n o n l i n e a r  terms. There is  one  such 
matrix e q u a t i o n  f o r  e v e r y  v a l u e  of n used i n  t h e  t r i g o n o m e t r i c  e x p a n s i o n s  
o f  t h e  d e p e n d e n t  v a r i a b l e s .  
S 
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An e l i m i n a t i o n  p r o c e d u r e  is  used t o  s o l v e  e a c h  s e t  o f  e q u a t i o n s  f o r  
t h e   a c t u a l   l o a d s   p l u s   a n  estimate of   the   pseudo  loads .  The n o n l i n e a r  
terms are t h e n  r e c a l c u l a t e d ,  u s i n g  t h e  new s o l u t i o n ,  a n d  e n t e r e d  as 
r ev i sed   p seudo   l oads .  A l l  of t h e  sets of   equa t ions  are then   so lved  
a g a i n ,  a n d  t h i s  p r o c e d u r e  is  r e p e a t e d  u n t i l  two c o n s e c u t i v e  s o l u t i o n s  i n  
each mode d i f f e r  by less t h a n  a spec i f i ed  amoun t .  Th i s  method  of s o l u t i o n  
is r e f e r r e d  t o  as the  Jacob i  me thod .  
A l o a d - d i s p l a c e m e n t  h i s t o r y  i s  ob ta ined  by i n c r e m e n t i n g  t h e  a p p l i e d  
l o a d s  i n  e q u a l  l o a d  s teps  u n t i l  t h e  number o f  i t e r a t i o n s  r e q u i r e d  t o  
achieve   convergence   in   any  mode exceeds a p r e s c r i b e d  l i m i t .  The load 
increment  i s  then reduced by a f a c t o r  o f  f i v e ,  a n d  t h e  p r o c e d u r e  c o n -  
t i n u e s  u n t i l  a p r e s c r i b e d  number of  load  s teps  o r  a p r e s c r i b e d  number 
of  load s t e p  reduct ions  have  been  made. 
S ince  the  me thod  o f  so lu t ion  i s  based  on a non l inea r  p seudo  load  
a p p r o a c h ,  t h e  s h e l l  reacts e q u a l l y ,  i n  a l i n e a r  f a s h i o n ,  t o  a n y  c h a n g e  
i n   e i t h e r   t h e   a p p l i e d   l o a d   o r   t h e   p s e u d o   l o a d .   T h u s ,   f a i l u r e  of t h e  
s o l u t i o n  t o  c o n v e r g e  i n  a n y  mode c a n  b e  a t t r i b u t e d  t o  two types of  non-  
l i nea r   behav io r .   Bo th   t ypes  are i l l u s t r a t e d   i n   F i g .  1. The e x i s t e n c e  
3 
of  a maximum o r  a n  i n f l e c t i o n  p o i n t  o n  t h e  s o f t e n i n g  l o a d - d e f l e c t i o n  
curve  A r e p r e s e n t s  a type  o f  behav io r  fo r  wh ich  a s o l u t i o n  c a n  b e  
o b t a i n e d  o n l y  b e l o w  t h e  p o i n t  o f  z e r o  o r  n e a r l y  z e r o  s l o p e .  On t h e  
o t h e r  h a n d ,  t h e  e x i s t e n c e  o f  a s t i f f e n i n g  n o n l i n e a r i t y ,  as i l l u s t r a t e d  
by curve B o f  F i g .  1, c a n  a l s o  c a u s e  a conve rgence  f a i lu re  wheneve r  the  
s l o p e   b e c o m e s   t o o   s t e e p .   T h u s ,   i n   g e n e r a l ,  i t  is necessa ry   t o   examine  
t h e  l o a d - d i s p l a c e m e n t  b e h a v i o r  o f  t h e  s h e l l  i n  o r d e r  t o  d e t e r m i n e  t h e  
cause   o f   t he   conve rgence   f a i lu re .  
C .  MODIFIED PROGRAM 
The p rogram used  in  th i s  s tudy  was a mod i f i ed  ve r s ion  con ta in ing  
r e v i s i o n s  made by  pe r sonne l  a t  t h e  NASA Langley Research Center  and by 
t h e   o r i g i n a l   a u t h o r .  The main  difference  between  the  modif ied  program 
a n d  t h e  v e r s i o n  g i v e n  i n  R e f .  2 i s  the  manner  in  wh ich  co re  s to rage  i s  
a l l o c a t e d  f o r  t h e  s o l u t i o n  v e c t o r .  The s o l u t i o n  v e c t o r  was changed  from 
a t h r e e  d i m e n s i o n a l  a r r a y  t o  a two  d imens iona l  a r r ay ,  a l lowing  any  com- 
b i n a t i o n  o f  m e r i d i o n a l  a n d  c i r c c a f e r e n t i a l  unknowns t o  b e  s p e c i f i e d .  
The product   of   the  number o f  m e r i d i o n a l  s t a t i o n s  a n d  t h e  number  of terms 
i n  t h e  t r i g o n o m e t r i c  e x p a n s i o n s  m u s t  b e  less t h a n  201,  and the maximum 
number  of terms i n  t h e  t r i g o n o m e t r i c  e x p a n s i o n s  m u s t  b e  less t h a n  11. 
The d i f f e r e n c e  i n  s t o r a g e  a l l o c a t i o n  n e c e s s i t a t e d  c h a n g e s  i n  t h e  
method of  handl ing  the  geometry ,  the  inp lane  and  bending  s t i f fnesses ,  
and   the   loads .  The subrout ine  STIF was r e p l a c e d   b y   t h e   s u b r o u t i n e  BDB; 
s u b r o u t i n e  PTLOAD was rep laced  by  two  subrou t ines ,  PLOAD and TLOAD; and 
s u b r o u t i n e  ACOEF was e l i m i n a t e d .  I n  a d d i t i o n ,  two s u b r o u t i n e s ,  H J  and 
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Fig. 1 Types of  nonlinear  behavior  that  
have an e f f e c t  upon convergence. 
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An a d d i t i o n a l  c h a n g e  h a s  b e e n  made i n  t h e  t e s t  fo r  conve rgence .  
Convergence was se t  s u c h  t h a t  t h e  d i f f e r e n c e  i n  two successive modal  
s o l u t i o n s ,  a t  e v e r y  s t a t i o n ,  m u s t  b e  less t h a n  t h e  c o n v e r g e n c e  c r i t e r i o n  
times t h e  maximum s o l u t i o n  i n  t h a t  mode,  provided the maximum s o l u t i o n  
is g r e a t e r   t h a n   1 0  . The tes t  for   convergence is no t   r equ i r ed  when t h e  
maximum s o l u t i o n  i s  less t h a n  10 . This  change was made t o   p r o v i d e  
converged  , a c c u r a t e  s o l u t i o n s  i n  fewer i t e r a t i o n s .  
-6 
-6 
F i n a l l y ,  t h e  s u b r o u t i n e  OUTPUT h a s  b e e n  m o d i f i e d  i n  o r d e r  t o  p r e s e n t  
t h e  d a t a  i n  more compact form; the COMMON and DIMENSION s ta tements  have  
been  changed t o  a l l o w  t h e  c o m p i l a t i o n  o f  t h e  p r o g r a m  i n  a n y  o r d e r ;  a n d  
s e v e r a l  "bugs" were d e t e c t e d  a n d  e l i m i n a t e d .  
The modif ied program occupies  approximately 146,000 by te s  o r  abou t  
36,500 words  on  the IBM 360/67. 
D.. PROGRAM INPUTS 
The use r -p repa red   sub rou t ines  BDB, GEOM 
s h e l l  s t i f f n e s s ,  g e o m e t r y  a n d  a p p l i e d  l o a d s  
and PLOAD, d e s c r i b i n g  t h e  
, f o r  t h e  s h e l l s  c o v e r e d  i n  
t h i s   s t u d y   a r e   g i v e n   i n   A p p e n d i x  A .  The impor t an t   pa rame te r s   t ha t   can  
b e  v a r i e d  f o r  a g i v e n  s h e l l  g e o m e t r y  a r e ;  number of  po in ts  , number of 
modes r e q u i r e d  i n  t h e  s o l u t i o n ,  number of  modes used t o  d e s c r i b e  t h e  
load ,  boundary  cond i t ions  , l o a d i n g  c o n d i t i o n ,  c o n v e r g e n c e  c r i t e r i o n ,  
l o a d  s t e p  s i z e ,  number  of  load s t e p  r educ t ions  and  number  of i t e r a t i o n s .  
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111. APPLICATIONS 
The  program was u s e d  t o  s o l v e  f o r  t h e  r e s p o n s e  of s e v e r a l  s h e l l s  
s u b j e c t e d  t o  axisymmetric and   near ly   ax isymmetr ic   loads .   F igure  2 
p r e s e n t s  t h r e e  l o a d - d i s p l a c e m e n t  c u r v e s  t h a t  are t y p i c a l  o f  t h e  t y p e s  
of axisymmetric behav io r  p red ic t ed  by  the  p rogram fo r  a s h e l l  t h a t  i s  
i m p e r f e c t i o n  s e n s i t i v e .  
A.  SNAP BUCKLING 
Axisymmetr ic  snap buckl ing i s  i l l u s t r a t e d  b y  c u r v e  E of F i g .  2, and 
t h e  a p p l i c a t i o n  o f  t h e  p r o g r a m  t o  d e t e r m i n e  t h e  s n a p  b u c k l i n g  l o a d  i s  
f a i r l y   s t r a i g h t   f o r w a r d .  The p rogram,   a s   p rev ious ly   d i scussed ,  w i l l  n o t  
b e  a b l e  t o  f i n d  a c o n v e r g e d  s o l u t i o n  i n  t h e  v i c i n i t y  o f  t h e  s n a p  b u c k l i n g  
load .  
B . BIFURCATION  BUCKLING 
The  program, as c u r r e n t l y  f o r m u l a t e d ,  c a n n o t  b e  u s e d  t o  s o l v e  t h e  
c lass ical  e igenva lue  p rob lem fo r  t he  b i fu rca t ion  load  o f  an  ax i sym-  
m e t r i c a l l y   l o a d e d   s h e l l .  However, it i s  p o s s i b l e   t o   i n t r o d u c e  a small 
asymmetry in  the  load  and  to  de t e rmine  the  unsymmet r i c  buck l ing  behav io r  
f o r   t h e   n e a r l y   a x i s y m m e t r i c   l o a d .   I n   t h e  l i m i t ,  as the  asymmetry  of   the 
l o a d  a p p r o a c h e s  z e r o ,  t h e  asymmetric buckl ing  load  should  approach  the  
b i f u r c a t i o n   l o a d .   T h i s   c o n c l u s i o n  is based  upon  the  fol lowing  two mode 
a n a l y s i s  . 
C o n s i d e r  t h a t  t h e  a p p l i e d  l o a d  c o n s i s t s  o f  a n  a x i s y m m e t r i c  p a r t  
{q"'} and a v e r y  small asymmetr ic   par t  @'N'}. It can   be  shown t h a t  
due to  the  load  and  moda l  coup l ing  the re  w i l l  b e  d i s p l a c e m e n t s  i n  t h e  
modes 0, N, 2N,  4N, 6N, e tc . .  F o r   t h i s   a n a l y s i s   o n l y   t h e  two  lowest modes 
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Fig. 2 .  Typica l   oad   d i sp lacement   curves  f o r  
a s h e l l  t h a t  i s  s e n s i t i v e  t o  load 
i m p e r f e c t i o n s .  
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are c o n s i d e r e d   t o  be s i g n i f i c a n t .   A c c o r d i n g   t o   e q u a t i o n  (1), t h e  
matrix e q u a t i o n s  f o r  t h e s e  two modes are 
A s  a r e su l t   o f   moda l   coup l ing  { q and  {qg)} are func t ions   o f   bo th  
{Z“’} and {Z(N)}. The behav io r   o f   t he   ax i symmet r i c  mode is i l l u s t r a t e d  
by  curve F i n  F i g .  2 .  Note t h a t  t h e  d i f f e r e n c e  b e t w e e n  c u r v e  E and 
cu rve  F i s  due t o   t h e   p r e s e n c e   o f  i n  t h e   n o n l i n e a r  terms o f  
e q u a t i o n  (2a).  Poin t  P on curve  F r e p r e s e n t s   t h e  maximum l o a d   f o r  
which a converged  so lu t ion  of  equat ion  (2b)  can  be  obta ined .  
The n o n l i n e a r  terms in  equa t ion  (2b )  can  be g i v e n  i n  t h e  f o r m  
where [+:)I is  a func t ion   of  b‘”’} only .  The s o l u t i o n   v e c t o r  
c a n  b e  s e p a r a t e d  i n t o  a l i n e a r  p a r t  {Zy)} and a n o n l i n e a r  p a r t  
s u c h  t h a t  
where {Zp’} i s  def ined   by  
[Kp’] {Zy’} = {q(N)) 
S u b s t i t u t i n g   e q u a t i o n s  ( 3 ) ,  (4a )   and   (4b )   i n to   equa t ion   (2b )   l eads   t o  
When {q‘N’) is  approx ima te ly  ze ro ,  (z?’} i s  v e r y  small. 
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If 
{Zg} > > { z p }  
t h e n  e q u a t i o n  (5a) becomes 
Equat ion (5c) i s  a n  a p p r o x i m a t i o n  t o  t h e  f o r m u l a t i o n  o f  a n  e i g e n v a l u e  
problem and  the  d isp lacements  conta ined  in  {ZA:)} d e f i n e  t h e  b u c k l i n g  
mode shape .  The magnitude  of  (2;;') i s  n e g l i g i b l e  u n t i l  t h e  a p p l i e d  
l o a d  a p p r o a c h e s  t h e  v a l u e  a t  p o i n t  P i n  F i g .  2 .  Thus , when (2:') is  
n e g l i g i b l e ,  c u r v e  F w i l l  n e a r l y  c o i n c i d e  w i t h  c u r v e  E and P w i l l  approach 
P ' ,  t h e  b i f u r c a t i o n  p o i n t .  
I n  some i n s t a n c e s ,  a l i n e a r  s o l u t i o n  f o r  t h e  axisymmetric mode i s  
d e s i r a b l e .   T h i s  i s  u s u a l l y  r e f e r r e d  t o  as a l i n e a r   p r e b u c k l i n g   a n a l y s i s .  
F o r  t h i s  c o n d i t i o n  {Z'O'} i s  a l i n e a r  f u n c t i o n  o f  t h e  a p p l i e d  l o a d ,  a n d  
t h u s  [+;'I, which i s  a func t ion  o f  @'O'} o n l y ,  i s  a l s o  a l i n e a r  f u n c t i o n  
o f   t h e   a p p l i e d   l o a d .   T h e r e f o r e ,   e q u a t i o n   ( 5 c )  becomes an   approximat ion  
t o  a l i nea r   e igenva lue   p rob lem.   Curve  C i n  F i g .  2 i l l u s t r a t e s  a t y p i c a l  
l i n e a r  a x i s y m m e t r i c  b e h a v i o r  w i t h  t h e  b i f u r c a t i o n  p o i n t  d e n o t e d  b y  p o i n t  
P". Seve ra l   changes   had   t o   be  made t o  t h e  p r o g r a m  i n  o r d e r  t o  o b t a i n  a 
l i n e a r  s o l u t i o n  i n  t h e  axisymmetric mode and a nonl inear  asymmetr ic  
so lu t ion .   These   changes  are  presented   in   Appendix  B .  
C .  IMPERFECTION SENSITIVITY 
An i m p e r f e c t i o n  s e n s i t i v e  s h e l l  i s  one f o r  w h i c h  t h e  b u c k l i n g  l o a d  
i s  reduced   due   to   the   p resence   o f   asymmetr ic   imperfec t ions  . There fo re ,  1 
'The s e n s i t i v i t y  o f  a s h e l l  i s  a f u n c t i o n  o f  t h e  l o a d i n g  c o n d i t i o n .  
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curve  F o f  F i g .  2 is  a t y p i c a l  i l l u s t r a t i o n  o f  a n  i m p e r f e c t i o n  
s e n s i t i v e  s h e l l  s i n c e  P f a l l s  below P ' .  F o r  a s h e l l  t h a t  is  i n s e n s i -  
t i v e  t o  i m p e r f e c t i o n s  , P i s  above P'. 
I n  a two mode a n a l y s i s ,  t h e  p r e s e n c e  o f  t h e  asymmetric r e sponse  w i l l  
have some i n f l u e n c e  on t h e  r e s p o n s e  o f  t h e  a x i s y m m e t r i c  mode s i n c e  it  
a p p e a r s   i n  (9:)) . The axisymmetric mode w i l l  a f fec t  t h e  
t h e  asymmetric mode through [4:)]. T h u s ,   t h e   s e n s i t i v i t y  
r e s p o n s e   i n  
of  a g i v e n  
s h e l l  a n d  l o a d i n g  c o n d i t i o n  m u s t  b e  e x a m i n e d  i n  two p a r t s  ; 
(1) t h e  n a t u r e  o f  t h e  effect  o f  {Z") on (2'0'} 
(2)  The n a t u r e  o f  t h e  e f f e c t  o f  (-Z(O)} on (z (N)} 
A s  a c o n s e q u e n c e  o f  t h i s  i n t e r a c t i o n ,  t h e  p r o g r a m  c a n n o t  b e  u s e d  t o  
d e t e r m i n e  i m p e r f e c t i o n  s e n s i t i v i t y  when a l i n e a r  a x i s y m m e t r i c  s o l u t i o n  
i s  employed s i n c e  i tem (1) i s  e l i m i n a t e d .  
A p p l i c a t i o n  o f  t h e  p r o g r a m  t o  d e t e r m i n e  t h e  s e n s i t i v i t y  o f  a s h e l l  
i s  l i m i t e d  t o  t h e  e x t e n t  t h a t  t h e  asymmetric imper fec t ions  can  on ly  be  
in t roduced   by   app ly ing   an   a symmet r i c   l oad .   Thus ,   t he   imper fec t ions   a r e  
n o t  s t ress  f r e e  as i s  u s u a l l y  a s s u m e d ;  n e v e r t h e l e s s ,  i f  the  asymmetr ic  
load i s  s m a l l  t h e  a s s o c i a t e d  s t resses  w i l l  be small. 
D .  SEIXCTION OF SHELL GEOMETRY 
I n  o r d e r  t o  e s t a b l i s h  t h e  a b i l i t y  o f  t h e  p r o g r a m  t o  d e t e r m i n e  
b i f u r c a t i o n  l o a d s  a n d  t h e  s e n s i t i v i t y  o f  t h e  s h e l l  t o  t h e s e  l o a d s ,  t h e  
resu l t s  f rom the  program must  be  compared  wi th  prev ious ly  publ i shed  
a n a l y t i c a l  a n d  e x p e r i m e n t a l  d a t a .  T h u s ,  t h e  s p h e r i c a l  c a p  w a s  s e l e c t e d  
a s  one s h e l l  g e o m e t r y  t o  i n v e s t i g a t e  s i n c e  numerous r e s u l t s ,  b o t h  
t h e o r e t i c a l  a n d  e x p e r i m e n t a l ,  are a v a i l a b l e  f o r  a w i d e  v a r i e t y  of 
l o a d i n g   c o n d i t i o n s .   F u r t h e r m o r e ,   p r e v i o u s   i n v e s t i g a t i o n s   i n d i c a t e  
t h a t  t h e  s p h e r i c a l  c a p  e x h i b i t s  a l l  of t h e  t r a i t s  d e s i r e d ;  t h a t  i s ,  
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t he  symmet r i c  behav io r  is  a s n a p  b u c k l i n g  phenomenon, b i f u r c a t i o n  
loads  ex is t ,  f o r  v a r i o u s  s i z e  c a p s ,  b e l o w  t h e  s y m m e t r i c  s n a p  l o a d ,  and 
t h e  s h e l l  i s  s e n s i t i v e  t o  i m p e r f e c t i o n s  o v e r  a wide  range  of  loading  
c o n d i t i o n s .  
A n o t h e r  t y p e  o f  s p h e r i c a l  s h e l l  was s e l e c t e d  f o r  w h i c h  new r e s u l t s  
were o b t a i n e d .   T h i s  was  t he   t runca ted   hemisphe re   unde r  ax i a l  t e n s i o n .  
The e x p e r i m e n t a l  r e s u l t s  t h a t  are a v a i l a b l e  f o r  t h i s  s h e l l  d o  n o t  a g r e e  
w i t h   t h e   t h e o r e t i c a l   r e s u l t s .   I m p e r f e c t i o n   s e n s i t i v i t y  was s u s p e c t e d   t o  
be  the  cause  o f  t he  d i sc repancy .  
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I V .  SPHERICAL CAP DESCRIPTION AND RESULTS 
A .  GEOMETRY 
The  geometry  of  the  spher ica l  cap  is  shown i n  F i g .  3 and can be 
s p e c i f i e d  b y  a nondimensional  geometr ic  parameter  X, where 
X = 2 [3(1-v ) ]  (H/h) l l2  2 1/4 
and H is t h e  rise of the  cap ,  h is the  th i ckness  and  v is Po i s son ' s  
r a t i o .   F o r  a l l  s h e l l s   c o n s i d e r e d :  
R a d i i   o f   c u r v a t u r e ,  R,, R = 250 i n  
Thickness  , h = . 2 5   i n  
Modulus  of e l a s t i c i t y ,  E = 30x10 p s i  6 
P o i s s o n ' s   r a t i o ,  v = . 3  
e 
B .  LOAD DESCRIPTION 
The c lassical  b u c k l i n g  p r e s s u r e  o f  a comple te  sphere  i s  
1. Axisymmetric 
A uniform load q w a s  a p p l i e d  t o  t h e  s h e l l  f r o m  t h e  p o l e  o u t  t o  
- 
r as shown i n  F i g .  3 .  
A nondimensional   oad parameter was  used t o   d e s c r i b e   t h e  area 
of  loading,  where 
I f  t h e  a p p r o x i m a t i o n  H = r /2R i s  s u b s t i t u t e d  i n t o  e q u a t i o n  (6), t h e n  
e q u a t i o n  (8) can  be  expres sed  as 
o s  
- r x = - X  r 
0 
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F i g .  3 Geometry of  a c l amped   sha l low  sphe r i ca l  
she  11 
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For  a small f i n i t e  area load ,  approx ima t ing  a p o i n t  l o a d ,  a 
d imens ionless  load  parameter  P* w a s  used,  where 
* = - -  pRS 
Eh3 
and 
P = n r  q 
-2 
(11) 
where is e q u a l   t o   t h e   d i s t a n c e   b e t w e e n   t h e   p o l e   a n d   t h e  f i r s t  f i n i t e  
d i f f e r e n c e  s t a t i o n .  
2 .  Asymmetric 
An asymmetric load was d e f i n e d  i n  one mode as 
where E is  a ve ry   sma l l   number .   Thus ,   t he   nea r ly   ax i symmet r i c   l oad  
i s  given by 
qT = qC1 + E cos(Ne)l  
C .  BOUNDARY CONDITIONS 
The f i r s t  s t a t i o n  was a t  t h e  p o l e  a n d  was h a n d l e d  i n t e r n a l l y  w i t h i n  
the   p rogram.   The   f ina l   edge  was clamped  and  the  boundary  condi t ions are 
where @ i s  t h e   r o t a t i o n   o f   t h e   m e r i d i a n .  
S 
D . PROCEDURFS 
The axisymmetric and asymmetric b e h a v i o r  o f  t h e  s p h e r i c a l  c a p  was 
de te rmined  fo r  bo th  un i fo rm p res su re  and  p a r t i a l  un i fo rm load ing  fo r  
s e v e r a l  v a l u e s  o f  X .  I n  t h e  m a j o r i t y  o f  cases, f o r t y  s t a t i o n s  were used  
a l o n g  t h e  m e r i d i a n .  The e x c e p t i o n  t o  t h i s  was t h e  i n v e s t i g a t i o n  o f  t h e  
axisymmetric s n a p  b u c k l i n g  d u e  t o  a un i fo rm p res su re .  Fo r  10 5 X 5 16, 
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80 s t a t i o n s  were u s e d ;  a n d  f o r  x > 16,  100 s t a t i o n s  were used.  A 
s t r i n g e n t  c o n v e r g e n c e  c r i t e r i o n  o f  . 0 0 2  was u s e d  i n  a l l  cases. 
1. Uniform  Pressure  
- 
For  un i fo rm p res su re  , h = X .  The symmetric behavior  was examined 
f i r s t  i n  o r d e r  t o  e s t a b l i s h  t h e  a x i s y m m e t r i c  s n a p  b u c k l i n g  p r e s s u r e s  o v e r  
a wide  range  of  X .  One v a l u e  o f  A was t h e n  s e l e c t e d  f o r  f u l l  e x a m i n a t i o n  
of   the  behavior   under   asymmetr ic   load.  The e f f e c t  of   varying  over  a 
wide  range was e x a m i n e d   a n d   t h e   d e g r e e   o f   s e n s i t i v i t y   e s t i m a t e d .  A 
va lue  o f  E was s e l e c t e d  f o r  u s e  i n  s u b s e q u e n t  a n a l y s i s  o f  t h e  b i f u r c a t i o n  
p r e s s u r e s .  The f i n a l   l o a d s   a p p r o x i m a t i n g   t h e  minimum b i f u r c a t i o n   p r e s -  
s u r e s  were o b t a i n e d  f o r  v a r i o u s  v a l u e s  o f  h .  
2 .  Par t ia l   Uni form  Loading  
An i n v e s t i g a t i o n  was made f o r  t h e  minimum value of  X ,  approxi -  
- 
mating a po in t   l oad ,   ove r  a wide  range  of X .  The f i n a l   l o a d s   w e r e   t h e n  
ob ta ined  fo r  ax i symmet r i c  snap  buck l ing  a t  v a r i o u s  v a l u e s  o f  h f o r  one 
va lue   o f  X .  Once the   symmetr ic   behavior   had   been   ob ta ined ,   very  small 
asymmetric  loads were in t roduced  and  an  approximat ion  obta ined  for  the  
b i f u r c a t i o n   l o a d s  as a func t ion   o f  a t  one  value  of  A .  Fo r   sma l l   va lues  
o f  h, a l i n e a r  s y m m e t r i c  s o l u t i o n  was used .  
E.  RESULTS 
1. Uniform  Pressure  
a .  Axisymmetric Snap  Buckling 
The load-displacement   curve a t  t h e  2 4 t h  s t a t i o n  f o r  X=8 i s  
shown i n  F i g .  4 .  The t r a n s v e r s e   d i s p l a c e m e n t  a t  s t a t i o n  24  was t h e  
maximum d i s p l a c e m e n t ,  a n d  t h e  n o n l i n e a r  e f f e c t s  a t  t h i s  s t a t i o n  were 
r e p r e s e n t a t i v e   o f   t h e   o v e r a l l   b e h a v i o r .  The load-d isp lacement   curve  
i n d i c a t e s  t h e  e x i s t e n c e  of a n e a r l y  z e r o  s l o p e  w h i c h  i s  i n d i c a t i v e  o f  
16 
.2 
Fig. 4 Axisymmetric  displacement a t  
s t a t i o n  24 versus load for a 
clamped  spherical cap, h = 8 .  
s n a p   b u c k l i n g .   C o n s e q u e n t l y ,   t h e   f i n a l   l o a d  i s  c o n s i d e r e d   t o   b e   t h e  
c r i t i c a l  p r e s s u r e  f o r  axisymmetric snap  buck l ing  unde r  a uniform 
p r e s s u r e  f o r  X=8. 
FigFre  5 shows t h e  f i n a l  l o a d s  o b t a i n e d  f o r  s e v e r a l  v a l u e s  
of A .  The r e s u l t s   o f   W e i n i t s c h k e  [ R e f .  41 and Huang [Ref. 51 are a l s o  
p r e s e n t e d  i n  F i g .  5. 
b .   B i f u r c a t i o n   B u c k l i n g  
The e f f ec t  o f  t he  nea r ly  ax i symmet r i c  l oad  g iven  by  equa t ion  
(13) f o r  N=4 was o b t a i n e d  f o r  X=8. A c c o r d i n g   t o  Refs. 4 and 5 ,  mode f o u r  
i s  t h e  c r i t i c a l  mode number f o r  t h i s  case. F i g u r e  6 shows t h e   f i n a l   l o a d  
as a f u n c t i o n   o f  E .  Note t h a t  as E a p p r o a c h e s   z e r o ,   t h e   f i n a l   l o a d  
a s y m p t o t i c a l l y   a p p r o a c h e s  a l i m i t i n g   v a l u e .   F i g u r e  7 shows t h e   d i s -  
p l a c e m e n t   i n  mode f o u r  a t  s t a t i o n  2 4   v e r s u s   t h e   l o a d   f o r  E = .0005.  The 
c u r v e  s t r o n g l y  i n d i c a t e s  a r e g i o n  o f  z e r o  s l o p e  a t  t h e  f i n a l  l o a d  a n d  
conve rgence   f a i lu re  i s  a t t r i b u t e d  t o  t h e  asymmetric behav io r .   Fu r the r -  
more ,  t he  non l inea r  e f fec ts  are d e f i n i t e l y  l i m i t e d  t o  a narrow  load 
r a n g e   n e a r   t h e   f i n a l   l o a d .  The r a t i o  o f   n o n l i n e a r   t o   l i n e a r   d i s p l a c e -  
ments2 a t  t h e  f i n a l  l o a d  were found t o  b e  o f  t h e  o r d e r  o f  100 t o  1, and 
t h e   l i n e a r   d i s p l a c e m e n t s  were n e g l i g i b l e .   T h u s ,   a l l   o f   t h e   r e q u i r e m e n t s  
f o r  a b i f u r c a t i o n  a n a l y s i s  g i v e n  i n  S e c t i o n  1 I I . B .  are s a t i s f i e d ,  a n d  
t h e  f i n a l  l o a d  f o r  E = .0005 i s  c o n s i d e r e d  t o  b e  a c l o s e  a p p r o x i m a t i o n  
t o  t h e  b i f u r c a t i o n  l o a d .  F i g u r e  8 i s  a p l o t   o f   t h e   n o r m a l i z e d ,   n o n -  
l i nea r  moda l  d i sp l acemen t s  ve r sus  the  nond imens iona l ,  no rma l  d i s t ance  
from  the axis and is  t h e   b u c k l i n g  mode shape .   A l so  shown i n  F i g .  8 i s  
t h e  b u c k l i n g  mode shape obtained by Huang f o r  X=9. 
2The f i n a l  l i n e a r  d i s p l a c e m e n t s  were c o m p u t e d  u s i n g  t h e  i n i t i a l  s o l u t i o n  
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Fig. 5 Critical  pressures for axisymmetric  snap  buckling 
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F i g .  7 Asymmetric modal   displacement ,  N=4, 





Fig. 8 Buckling mode s h a p e  f o r  N=4,  X=8 
I 
When t h e  c r i t i ca l  mode number i s  unknown, t h e  number  of 
c o m p u t e r  r u n s  n e c e s s a r y  t o  d e t e r m i n e  t h e  c r i t i c a l  mode number  and t h e  
b i f u r c a t i o n  l o a d  c a n  b e  r e d u c e d  b y  i n t r o d u c i n g  a d d i t i o n a l  modes i n  t h e  
s o l u t i o n .   F o r   e x a m p l e ,   f o r  X=8, a n  asymmetric load  was i n t r o d u c e d   i n  
mode one,  with 8 = .05, and a s o l u t i o n  was o b t a i n e d  i n  modes z e r o ,  o n e ,  
two,   th ree   and   four .   F igure  9 shows t h e  r e s u l t a n t  asymmetric modal 
d i sp lacements  a t  s t a t i o n  24 as a p e r c e n t a g e  o f  t h e  t o t a l  d i s p l a c e m e n t  
ve r sus   t he   l oad .   No te   t ha t   t he  same s o f t e n i n g   c h a r a c t e r i s t i c   p r e s e n t  
i n  F i g .  7 e x i s t s  f o r  modes t h r e e   a n d   f o u r  . The f a i l u r e  o f  t h e  s o l u t i o n  3 
t o  c o n v e r g e  c a n  b e  a t t r i b u t e d  t o  e i t h e r  mode t h r e e  o r  f o u r ,  s i n c e  a z e r o  
s l o p e  is  ind ica t ed   by   bo th .  The f i n a l  l o a d  i s  w i t h i n  5% o f   t h e   v a l u e  
ob ta ined   u s ing  a two mode s o l u t i o n .   T h u s ,   F i g .  9 i l l u s t r a t e s  t h e  a b i l i t y  
o f  a m i l t i m o d e  a n a l y s i s  t o  o b t a i n  a f i r s t  c u t  a p p r o x i m a t i o n  t o  t h e  b i -  
f u r c a t i o n  l o a d  a n d  c r i t i c a l  mode. 
R e s u l t s  were o b t a i n e d  f o r  a p p r o x i m a t e  b i f u r c a t i o n  l o a d s  a t  
s e v e r a l  o t h e r  v a l u e s  o f  X by s e l e c t i n g  t h e  c r i t i c a l  modes as g i v e n  i n  
Ref .  5 and   us ing  a two mode s o l u t i o n  w i t h  E = .0002. F i g u r e  10 g i v e s  
t h e  f i n a l  l o a d s  a n d  c r i t i c a l  mode numbers  versus X .  Also shown i n  F i g .  
10 a r e  t h e  b i f u r c a t i o n  l o a d s  o b t a i n e d  b y  Huang. 
c .  I m p e r f e c t i o n   S e n s i t i v i t y  
As d i s c u s s e d  i n  S e c t i o n  I I I . C . ,  a n  i m p e r f e c t i o n  s e n s i t i v e  
s h e l l  i s  one fo r  wh ich  the  buck l ing  load  i s  reduced  due t o  t h e  p r e s e n c e  
of  asymmetric imper fec t ions .   F igu re  11 presen t s   t he   l oad -d i sp lacemen t  
c u r v e s  f o r  t h e  axisymmetric mode a t  s t a t i o n  24 f o r  X=8 a n d  s e v e r a l  
va lues   o f  6. N o t e   t h a t  as E is  i n c r e a s e d   t h e   f i n a l   l o a d  is  dec reased .  
3Accordlng t o  R e f s .  4 and 5 ,  t h e  b i f u r c a t i o n  l o a d  f o r  mode t h r e e  is on ly  







F i g .  9 Modal d i sp lacement ,   as   percentage  of t h e  t o t a l  
d i s p l a c e m e n t ,  a t  s t a t i o n  24 ver sus  the  load ,  h=8 
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Fig .  10 C r i t i c a l  p r e s s u r e s  f o r  axisymmetric  snap  buckling  and  bifurcation 
buckling of clamped spherical caps 
E= 0 1  / 
“.m 
C F i t c h  8 Budiansky 
fi [Ref61 
c . 1 0  
F i g .  11 S e n s i t i v i t y   o f   s p h e r i c a l   c a p ,  A=8, 
t o  load imper fec t ions  
26 
T h u s ,  t h i s  s h e l l  a p p e a r s  t o  b e  i m p e r f e c t i o n  s e n s i t i v e  f o r  t h e  u n i f o r m  
p r e s s u r e   l o a d i n g   c o n d i t i o n .   F i t c h   a n d   B u d i a n s k y   [ R e f .  61 have  con- 
duc ted  a s t u d y  o f  t h e  b u c k l i n g  a n d  p o s t b u c k l i n g  b e h a v i o r  o f  s p h e r i c a l  
c a p s ,  s u b j e c t e d  t o  c e n t r a l l y  d i s t r i b u t e d  p r e s s u r e ,  b a s e d  on K o i t e r ' s  
i n i t i a l  p o s t b u c k l i n g  t h e o r y .  T h e y  f o u n d  t h e  s h e l l  1-8 t o  b e  i m p e r -  
f e c t i o n  s e n s i t i v e  t o  t h e  u n i f o r m  p r e s s u r e .  They a l s o  p r e d i c t e d  t h e  
i n i t i a l  s l o p e  o f  t h e  b i f u r c a t i o n  b r a n c h  o f  t h e  e q u i l i b r i u m  p a t h  o n  a 
l o a d - d i s p l a c e m e n t   p l o t .  The p r e d i c t e d   s l o p e   f o r   t h e   s h e l l  1=8, 
s u b j e c t e d  t o  u n i f o r m  p r e s s u r e ,  i s  g iven  i n  F i g .  11 . 4 
2 .   P a r t i a l  Area Loading 
a .  Axisymmetric  Snap  Buckling 
The f i n a l  l o a d s  o b t a i n e d  f o r  t h e  axisymmetric behav io r  of  t h e  
s p h e r i c a l  c a p  under  a small f i n i t e  a r e a  l o a d ,  a p p r o x i m a t i n g  a po in t  l oad  
a t  t h e   p o l e ,  are  shown i n   F i g .   1 2 .   E x p e r i m e n t a l   r e s u l t s   g i v e n  by  Penning 
and  Thurston  [Ref .  7 1  and  Penning  [Ref.  81 f o r  axisymmetric snap   buck l ing  
due t o  a small f i n i t e  a r e a  l o a d  are a l s o  p r e s e n t e d  i n  F i g .  1 2 .  The 
expe r imen ta l  l oad -d i sp lacemen t  cu rves  fo r  h > 15 show a w e l l - d e f i n e d ,  
a b r u p t  d i s c o n t i n u i t y  i n  t h e  d i s p l a c e m e n t  a t  t h e  p o l e  , and  the  s lope  of 
t he   cu rve  a f t e r  t h e   s n a p  i s  somewhat less t h a n  t h e  i n i t i a l  s l o p e .  Below 
a v a l u e  of 1=15, t h e  e x p e r i m e n t a l  r e s u l t s  show no axisymmetric snap5, but 
a l a r g e  m a j o r i t y  o f  t h e  l o a d - d i s p l a c e m e n t  c u r v e s  show s i g n i f i c a n t  d e c r e a s e s  
4The load -d i sp lacemen t  p lo t  u sed  by  F i t ch  and  Bud iansky  i s  based on an 
a v e r a g e   d e f l e c t i o n   p a r a m e t e r .  The   load-d isp lacement   p lo t  shown i n  
F i g .  11 i s  based  on  the maximum d i sp lacemen t .  The assumpt ion  is made 
t h a t  t h e  rate o f  change  o f  t he  ave rage  de f l ec t ion  pa rame te r  i s  e s s e n t i a l l y  
t h e  same as t h e  ra te  of  change of t h e  maximum d i sp lacemen t .  
5Three a t y p i c a l  s h e l l s  w i t h  p o o r  r a d i a l  g e o m e t r y  d i d  b u c k l e  a t  loads  some- 
what be low  Ph2 .0 ,   [Re f .  81. 
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Fig. 12  Final   loads for the axisymmetric  behavior o f  clamped 
spherical  caps under very small f i n i t e  area loading a t  the pole.  
i n  s l o p e  i n  t h e  v i c i n i t y  o f  P h 2 . 0 .  F i g u r e  13 shows t h e  t h e o r e t i c a l  
l oad -d i sp lacemen t  cu rve  fo r  X=12, and a r e a s o n a b l y  a c c u r a t e  r e p r o d u c t i o n  
o f  t h e  e x p e r i m e n t a l  r e s u l t s  g i v e n  i n  R e f .  8 f o r  i = 1 2 . 5 6  a n d  a small 
f i n i t e  area l o a d .   N o t e   t h a t   a l t h o u g h   t h e   s o l u t i o n   f a i l e d   t o   c o n v e r g e  
f o r  P* > 2 .27  snap  buck l ing  appa ren t ly  i s  no t  imminen t  s ince  the  expe r i -  
m e n t a l  r e s u l t s  i n d i c a t e  t h a t  n o  s n a p  o c c u r s  a t  t h i s  v a l u e  o f  l o a d ,  a n d  
t h e  t h e o r e t i c a l  l o a d - d i s p l a c e m e n t  c u r v e  d o e s  n o t  show t h e  s i g n i f i c a n t  
d e c r e a s e  i n  s l o p e  t h a t  a p p e a r s  i n  F i g s .  4 and 7 fo r  t he  p re s su re  loaded  
cap .  
The r e s u l t s  g i v e n  i n  F i g .  12 i n d i c a t e  t h a t  s n a p  b u c k l i n g  o r  a 
s i g n i f i c a n t  d e c r e a s e  i n  t h e  s l o p e  o c c u r s  a t  approx ima te ly  the  same va lue  o f  
l oad   fo r  a l l  va lues   o f  )L cons ide red .   The re   appea r s   t o   be  a r easonab le  
e x p l a n a t i o n  f o r  t h i s  s i n c e  t h e  e x p e r i m e n t a l  a n d  t h e o r e t i c a l  r e s u l t s  show 
t h e   r e g i o n  of b u c k l i n g   t o   b e   i n   t h e   n e i g h b o r h o o d   o f   t h e   p o l e .   F o r   l a r g e  
values  of  X , the  outer  boundary  has  very  l i t t l e  e f f e c t  on t h e  b e h a v i o r  a t  
t h e   p o l e .  A s  X i s  reduced ,   the   ou ter   boundary  moves c l o s e r  t o  t h e  p o l e  
a n d  a p p e a r s  t o  r e d u c e  t h e  s e v e r i t y  o f  t h e  s n a p ,  u n t i l  f i n a l l y ,  when 
X c 15, i t  d i s a p p e a r s .  However , t h e   l o c a l i z e d   n o n l i n e a r   e f f e c t  i s  s t i l l  
present  and  shows  up  as a dec rease  in  s lope  o f  t he  load -d i sp lacemen t  cu rve .  
The f ina l  l oads  due  to  ax i symrne t r i c  behav io r  fo r  A112 and 
v a r i o u s  v a l u e s  o f  h are g i v e n  i n  F i g .  1 4 .  A s  x i n c r e a s e s  , and  the   load  
cove r s  more o f  t h e  s h e l l ' s  s u r f a c e  , the  load-d isp lacement  behavior  
e x h i b i t e d  t h e  s o f t e n i n g  b e h a v i o r  t y p i c a l  i n  F i g s .  4 and 7 .  
- 
b .   B i f u r c a t i o n   B u c k l i n g  
The f i n a l  l o a d s  f o r  asymmetric b e h a v i o r  f o r  )L=12 and  va r ious  
va lues  o f  x a r e  p r e s e n t e d  i n  F i g .  14 w i t h  t h e  r e s u l t s  o b t a i n e d  b y  F i t c h  
and  Budiansky. The load  is  g iven   by   equa t ion  (13)  w i t h  €=.0002.  The 
c r i t i c a l  modes were se l ec t ed   f rom  Ref .  6 .  For < 2 . 0   t h e   f i n a l   l o a d s  
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Fig.  13 D i s p l a c e m e n t  a t  t h e  p o l e  o f  a c lamped  spher ica l   cap ,  
h = 12,  s u b j e c t e d  t o  a s m a l l  f i n i t e  a r e a  load versus l o a d  
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F i g .  14 F i n a l   l o a d s   f o r   t h e   a x i s y m m e t r i c   a n d  
asymmetric behavior  of  a clamped 
s p h e r i c a l  c a p ,  X-12, u n d e r  f i n i t e  
a r e a  l o a d i n g  as determined by X 
31 
were o b t a i n e d  u s i n g  a l i n e a r  s o l u t i o n  i n  t h e  a x i s y m m e t r i c  mode s i n c e  
t h e  n o n l i n e a r  axisymmetric s o l u t i o n  f a i l e d  t o  c o n v e r g e  f o r  l o a d s  much 
smaller t h a n  t h e  b i f u r c a t i o n  l o a d s  o b t a i n e d  b y  F i t c h  a n d  B u d i a n s k y .  
c .  I m p e r f e c t i o n   S e n s i t i v i t y  
R e s u l t s  f o r  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  o f  t h e  s h e l l  X=12 
g i v e n  i n  R e f .  6 show t h a t  f o r  x > 5 t h e  s h e l l  is  i m p e r f e c t i o n  s e n s i t i v e ,  
b u t   f o r  < 2 t h e   l o a d   i n c r e a s e s   a f t e r   b i f u r c a t i o n   a n d   h e n c e ,   t h e   s h e l l  
i s  i n s e n s i t i v e .   T h i s  l a t t e r  f e a t u r e  i s  suppor t ed   by   t he   expe r imen ta l  
r e s u l t s  g i v e n  i n  Refs. 7 and 8 w h e r e  s h e l l s  were o b s e r v e d  t o  t r a n s i t i o n  
i n t o  t h e  asymmetric mode shape  wi thout  a n o t i c e a b l e  l o s s  o f  l o a d  c a r r y i n g  
c a p a c i t y .  
It was n o t  p o s s i b l e  t o  u s e  t h e  p r o g r a m  t o  d e t e r m i n e  t h e  
s e n s i t i v i t y  f o r  x < 2 s i n c e  t h e  s o l u t i o n  f a i l e d  t o  c o n v e r g e  d u e  t o  
s t r o n g  n o n l i n e a r  b e h a v i o r  i n  t h e  axisymmetric mode a t  loads  much lower 
t h a n   t h e   b i f u r c a t i o n   l o a d s  . 6 
6As d i s c u s s e d  i n  S e c t i o n  1 I I . C .  , t h e  u s e  o f  a l i n e a r  s o l u t i o n  i n  t h e  
axisymmetric mode e l i m i n a t e s  t h e  a b i l i t y  o f  t h e  p r o g r a m  t o  d e t e r m i n e  
s e n s i t i v i t y .  
V. TRUNCATED  HEMISPHERE  DESCRIPTION AND RESULTS 
A .  GEOMETRY 
F i g u r e  15 shows the   geometry   o f   the   t runca ted   hemisphere .  The v a l u e s  
of t h e  p a r a m e t e r s  u s e d  t o  d e s c r i b e  t w o  d i f f e r e n t  s h e l l s  are as fo l lows :  
S h e l l  A S h e l l  B 
R a d i i  o f  c u r v a t u r e ,  Rs, Re - 120 i n  151 i n  
Th ickness ,  h - .24 in .10 i n  
Inc luded   ang le ,  bo - 23.3  deg  23.2  deg 
Modulus  of e l a s t i c i t y ,  E - 30x10 p s i  
P o i s s o n ' s  r a t i o ,  v - . 3  
6 - 
B .  LOAD DESCRIPTION 
1. Axisymmetric 
A s  shown i n  F i g ,  15, a n  axisymmetric a x i a l  l o a d  P /cos  0 w a s  
0 0 
a p p l i e d   t o   t h e   t o p   e d g e   o f   t h e   s h e l l .   F o r   t h i s   l o a d i n g   c o n d i t i o n ,   t h e  
r e a c t i o n   l o a d  a t  the  lower  boundary i s  P . 
0 
2 .  Asymmetric 
Two t ypes  o f  asymmetric loads  were used;   one was a s m a l l  p e r t u r -  
b a t i o n  i n  t h e  a x i a l  l o a d  6 P  cos(Ne)/cos bo, and  the  o the r  was a small 
uni form  pressure  € 4  cos(Ne),  where q is  g iven   by   equat ion  (7) ,  Since  
t h e  a x i a l  l o a d  w a s  i n t roduced  as a boundary  cond i t ion ,  and  s ince  the  
0 
0 0 
program cons idered  the  boundary  condi t ions  to  be  the  same i n  e v e r y  mode, 
some mod i f i ca t ions  had  to  be  made to t h e  p r o g r a m  t o  a l l o w  a 6 d i f f e r e n t  
from 1. The a p p r o p r i a t e  s t a t e m e n t s  t h a t  a l l o w  a v a r i a b l e  6 are p resen ted  
i n  Appendix C .  
33 
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C .  BOUNDARY CONDITIONS 
The  boundary  condi t ions  imposed  on  the  she l l  a t  t h e  t o p  e d g e  were 
Ns c o s  fi0 - Qs s i n  16 - 
u s i n  bo - W COS bo = O (15b 1 
v = o  (15c) 
0 - (15a) 
ms = 0 (15d) 
where N is t h e  membrane f o r c e  p e r  u n i t  l e n g t h ,  a n d  Qs i s  t h e   t r a n s v e r s e  
f o r c e  p e r  u n i t  l e n g t h .  
S 
A t  t h e  r e a c t i o n  e n d  t h e  s h e l l  was c lamped,  and  the  boundary  condi t ions  
are g iven  by  equat ion  ( 1 4 ) .  
D. PROCEDURES 
A f o r t y  p o i n t  f i n i t e  d i f f e r e n c e  n e t  was u s e d  i n  a l l  cases, and the 
c o n v e r g e n c e   c r i t e r i o n  was .01. The n o n l i n e a r  axisymmetric b e h a v i o r   f o r  
t h e   t w o   s h e l l s  was f i r s t   o b t a i n e d .   B o t h   t y p e s   o f   a s y m m e t r i c   l o a d s  were 
t h e n   i n t r o d u c e d ,   a n d   t h e   f i n a l   l o a d s ,  mode shapes  and  load-displacement  
cu rves  were o b t a i n e d  f o r  a l i n e a r  a n d  a n o n l i n e a r  s o l u t i o n  i n  t h e  a x i s y m -  
metric mode. The s e n s i t i v i t y  o f  s h e l l  B was examined  by  varing  both 6 
and E .  
E .  RESULTS 
1. Axisymmetric Behavior  
The l i n e a r  a n d  n o n l i n e a r  parts of t h e  r a d i a l  d i s p l a c e m e n t s  a t  t h e  
f i n a l  l o a d  are shown i n  F i g .  1 6  f o r  s h e l l  A .  The f i n a l  d i s p l a c e m e n t  s ta te  
o f  s h e l l  B was similar. F i g u r e  17  d e p i c t s   t h e   l o a d - d i s p l a c e m e n t   b e h a v i o r  
f o r  a s t a t i o n  n e a r  t h e  t o p  o f  t h e  s h e l l  w h e r e  maximum s t i f f e n i n g  o c c u r r e d .  
S i n c e  F i g .  1 6  shows t h a t  t h e r e  are n o  s o f t e n i n g  n o n l i n e a r i t i e s  , f a i l u r e  
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Fig. 16 Axisymmetric, normal  displacements 
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Fig. 17 Axisymmetric  displacement,  at  station 
8, versus load f o r  Shell A 
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behav io r .  The f i n a l   n o n d i m e n s i o n a l   l o a d  Po/Eh was 1 . 3 2 5 ~ 1 0 - ~  f o r  s h e l l  
A a n d   . 6 0 0 x 1 0   f o r   s h e l l  B. -3 
2.  B i f u r c a t i o n   B u c k l i n g  
a .  S h e l l  A 
The t h e o r e t i c a l  r e s u l t s  o b t a i n e d  f o r  t h e  b i f u r c a t i o n  l o a d s  
v e r s u s  mode number and the experimental  buckl ing load given by Yao 
[Ref .  91 are p r e s e n t e d   i n   F i g .  18. Y a o ' s   t h e o r e t i c a l   r e s u l t s  are based 
on a l i n e a r ,  membrane prebuckl ing   assumpt ion .  A l so  shown i n  F i g .  18 are  
t h e  p r e s e n t  r e s u l t s  o b t a i n e d  f o r  t h e  f i n a l  l o a d s  u s i n g  a l i nea r  symmet r i c  
a n a l y s i s  w i t h  a n  asymmetric l o a d  i n  t h e  a p p r o p r i a t e  mode and 6=.0001. 
F i g u r e  19 p r e s e n t s  t h e  b u c k l i n g  mode s h a p e  f o r  N=40 and 6=.0001, and 
t h e  mode shape  assumed  by  Yao. The l i n e a r  p o r t i o n  o f  t h e  d i s p l a c e m e n t s  
was n e g l i g i b l e  a t  a l l  s t a t i o n s  a l o n g  t h e  m e r i d i a n ,  a n d  t h e  r e q u i r e m e n t s  
f o r  a b i f u r c a t i o n   a n a l y s i s  are s a t i s f i e d .  S i m i l a r  r e s u l t s  were ob ta ined  
f o r  N > 30. 
For  N < 30 ,  t h e  r e s u l t s  f o r  t h e  f i n a l  l o a d s  d i f f e r  s i g n i f i -  
c a n t l y   f r o m   t h e   b i f u r c a t i o n   l o a d s   p r e d i c t e d   b y  Yao. F i g u r e  20 shows t h e  
modal  d i sp lacements  a long  the  mer id ian  a t  t h e  f i n a l  l o a d  f o r  N = 1 5  and 
6=. 0001.  Examination  of  Fig. 20  r e v e a l s  t h a t  t h e  l i n e a r  par t  o f   t he  
s o l u t i o n  i s  l a r g e r  t h a n  t h e  n o n l i n e a r  p a r t ,  a n d  t h a t  t h e r e  i s  s t i f f e n i n g  
i n   t h e   r e g i o n   n e a r   t h e   a p p l i e d   l o a d .   H e n c e ,   t h e   s o l u t i o n   d o e s   n o t   s a t i s f y  
t h e  c o n d i t i o n s  f o r  a b i f u r c a t i o n  a n a l y s i s ,  a n d  t h e r e f o r e ,  t h e  f i n a l  l o a d s  
o b t a i n e d  f o r  t h e  l o w e r  mode numbers   do  not   represent  a c r i t i c a l  l o a d  
c o n d i t i o n .  
The v a l u e s  o f  t h e  f i n a l  l o a d s  were a l s o  o b t a i n e d  u s i n g  a 
n o n l i n e a r  symmetric s o l u t i o n .   F i g u r e  2 1  shows t h e   n o n l i n e a r   a n d   l i n e a r  
pa r t s  o f  t he  moda l  d i sp l acemen t s  a t  t h e  f i n a l  l o a d  f o r  N=40 and  6=.0001. 
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F i g .  19   Buckl ing ,   mer id iona l  mode s h a p e ,  N=40, 
of S h e l l  A s u b j e c t e d  t o  a x i a l  t e n s i o n  
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F i g .  20  Mer id iona l  mode s h a p e ,  N=15, of 
S h e l l  A s u b j e c t e d  t o  a x i a l  t e n s i o n  
with  small   asymmetr ic   load,   6=.0001 
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F i g .  2 1  Development of  buck l ing  mode shape ,  N=40, 
of  S h e l l  A s u b j e c t e d  t o  a n  a x i a l  t e n s i o n  
l o a d  i n  t h e  v i c i n i t y  of t h e  c r i t i c a l  l o a d  
wi th   sma l l   a symmet r i c   l oad ,  6=.0001 
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Note t h a t  a mode shape  is  e m e r g i n g ,  b u t  t h e  c o n d i t i o n s  f o r  b i f u r c a t i o n  
a n a l y s i s  are o n l y  s a t i s f i e d  o v e r  t h a t  p a r t  o f  t h e  s h e l l  w h e r e  t h e  l i n e a r  
d i s p l a c e m e n t s   a r e   n e g l i g i b l e .   F u r t h e r m o r e ,   c o n v e r g e n c e   f a i l u r e   c o u l d  
n o t  b e  d e f i n i t e l y  a s s o c i a t e d  w i t h  e i t h e r  t h e  asymmetric or  the  ax isym-  
metric b e h a v i o r  s i n c e  t h e  f i n a l  l o a d  f o r  axisymmetric n o n l i n e a r  b e h a v i o r  
a n d  t h e  b i f u r c a t i o n  l o a d  are a p p r o x i m a t e l y  e q u a l .  
b .   S h e l l  B 
The axisymmetric, n o n l i n e a r  b e h a v i o r  o f  s h e l l  B d i d  n o t  
e x p e r i e n c e  c o n v e r g e n c e  f a i l u r e  u n t i l  t h e  l o a d  was much l a r g e r  t h a n  t h e  
minimum b i fu rca t ion   l oad   p red ic t ed   by   Yao .  As a c o n s e q u e n c e ,   r e s u l t s  
were o b t a i n e d  f o r  t h e  f i n a l  l o a d s  u s i n g  a l i n e a r  a n d  n o n l i n e a r  symmetric 
a n a l y s i s  w i t h  a n  a s y m m e t r i c  l o a d  i n  t h e  a p p r o p r i a t e  mode and 6=.0001. 
The r e s u l t s  a r e  p r e s e n t e d  i n  F i g .  22 a l o n g  w i t h  t h e  t h e o r e t i c a l  b i f u r -  
c a t i o n  l o a d s  a n d  e x p e r i m e n t a l  b u c k l i n g  l o a d  p r e s e n t e d  i n  R e f .  9 .  
F i g u r e  23 shows t h e  n o n l i n e a r  p a r t  o f  t h e  m o d a l  r a d i a l  
d i sp l acemen t s  a t  t h e  f i n a l  l o a d  f o r  N=70,  ~ = . 0 0 1 ,  and a n o n l i n e a r  
symmetric a n a l y s i s .  The l i n e a r  p a r t  of the   modal   d i sp lacements  were 
n e g l i g i b l e  a t   a l l  s t a t i o n s  a n d  t h e  mode shape is  e s s e n t i a l l y  t h e  same 
as t h e  mode s h a p e  f o r  s h e l l  A shown i n   F i g .   1 9 .   A l t h o u g h   t h e   s o l u t i o n  
was ob ta ined  us ing  a n o n l i n e a r  symmetric a n a l y s i s ,  f a i l u r e  o f  t h e  
s o l u t i o n  t o  c o n v e r g e  c o u l d  d e f i n i t e l y  b e  a s s o c i a t e d  w i t h  t h e  a s y m m e t r i c  
behav io r .  
For  N < 35 f i n a l  l o a d s  were o b t a i n e d  b e l o w  t h e  b i f u r c a t i o n  
loads  predicted  by  Yao.  As was t h e  case f o r  s h e l l  A ,  t h e  s o l u t i o n s  a t  
these lower mode numbers d i d  n o t  s a t i s f y  t h e  c o n d i t i o n s  f o r  a b i fu rca t i i , t l  
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45 
3 .  I m p e r f e c t i o n   S e n s i t i v i t y  
The s e n s i t i v i t y  o f  s h e l l  A could  not  be  examined  s ince  a l i n e a r  
axisymmetric s o l u t i o n  was r e q u i r e d  f o r  t h e  b i f u r c a t i o n  a n a l y s i s .  
The s e n s i t i v i t y  o f  s h e l l  B f o r  N=70 was  examined using an asym- 
metric ax ia l  load  GPocos(Ne)/cos !L?J and  an  asymmetric p r e s s u r e   l o a d  
Eqocos(Ne).  The v a r i a t i o n  o f  f i n a l  l o a d  w i t h  respect t o  6 and E i s  
shown i n  F i g .  24. For   the   asymmetr ic  axial  l o a d ,   t h e   f i n a l   l o a d  was 
0 
c o n s t a n t  as the   magn i tude   o f  6 was i n c r e a s e d .  However,  examination  of 
F i g .  2 1  r e v e a l s  t h a t  t h e  asymmetric a x i a l  l o a d  c a u s e s  l i n e a r  d i s p l a c e -  
m e n t s   o n l y   i n   t h e   r e g i o n   n e a r   t h e   a p p l i e d   l o a d .   O u t s i d e   t h i s   r e g i o n   t h e  
l i n e a r   d i s p l a c e m e n t s   a r e   e f f e c t i v e l y   z e r o  . T h e r e f o r e ,   t h e   u s e   o f   a n  7 
asymmetric a x i a l  l o a d  d o e s  n o t  i n t r o d u c e  l i n e a r  d i s p l a c e m e n t s  o f  a n y  
consequence   away  f rom  the   reg ion   near   the   appl ied   load .  On t h e   o t h e r  
hand ,   the   use   o f   an  asymmetric p r e s s u r e  l o a d  i n t r o d u c e s  l i n e a r  d i s p l a c e -  
m e n t s  o v e r  t h e  e n t i r e  r e g i o n  o f  t h e  s h e l l  a n d  i s  cons ide red  more a p p l i -  
c a b l e  f o r  e x a m i n i n g  s e n s i t i v i t y .  
F i g u r e  2 5  shows t h e  e f f ec t  o f  t he  asymmetric p res su re  load  upon 
t h e   f i n a l   l o a d   a n d   a x i s y m m e t r i c   d i s p l a c e m e n t  a t  s t a t i o n   t w e n t y .  The 
behav io r  a t   a l l  s t a t i o n s  i n  t h e  c e n t r a l  r e g i o n  o f  t h e  s h e l l  i s  exempl i f i ed  
by t h e   b e h a v i o r  a t  s t a t i o n   t w e n t y .   F o r  < .01, t h e r e  was a small d e c r e a s e  
i n  t h e  f i n a l  l o a d  a n d  a small i n c r e a s e  i n  t h e  f i n a l  a x i s y m m e t r i c  d i s p l a c e -  
ment.  However, f o r  € = . l o ,  t h e r e  was a s i g n i f i c a n t  r e d u c t i o n  i n  t h e  f i n a l  
l o a d ,  a n d  t h e  f i n a l  axisymmetric d i sp lacemen t  is a p p r o x i m a t e l y  t h e  same 
a s   t h a t   a s s o c i a t e d   w i t h  €=.01.  This   type   o f   behavior  i s  s i m i l a r  t o  t h a t  
o b t a i n e d  f o r  t h e  s p h e r i c a l  c a p  under  uni form pressure .  
7 S i n c e  t h e  n e t  a x i a l  l o a d  i n  t h e  asymmetric mode is  z e r o ,  t h e  l i n e a r  modal 
stresses become s m e a r e d  a s  t h e  d i s t a n c e  f r o m  t h e  l o a d  a p p l i c a t i o n  i s  
inc reased .   Thus ,   t he re  i s  l i t t l e  o r   n o  asymmetric stress p r e s e n t  a t  t h e  
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I 
Hutchinson  [Ref .  l o ] ,  i n  a n  a n a l y t i c a l  s t u d y  o f  t h e  i n i t i a l  
p o s t b u c k l i n g  o f  t o r o i d a l  s h e l l s ,  s u g g e s t e d  t h a t  t h e  i m p e r f e c t i o n  
s e n s i t i v i t y  o f  Y a o ' s  t r u n c a t e d  h e m i s p h e r e s  s h o u l d  a g r e e  q u a l i t a t i v e l y  
w i t h  t h e  d e g r e e  o f  s e n s i t i v i t y  t h a t  h e  o b t a i n e d  f o r  t h e  s i m p l y  s u p -  
por ted   hemispher ica l   segments   subjec ted  t o  axial  t e n s i o n .  S h e l l s  A and 
B f a l l  w i t h i n  t h e  i m p e r f e c t i o n  s e n s i t i v e  r a n g e  p r e d i c t e d  b y  H u t c h i n s o n .  
A p l o t  o f  t h e  i n i t i a l  s l o p e  o f  t h e  g e n e r a l i z e d  l o a d - d e f l e c t i o n  c u r v e  , 
as g i v e n  i n  R e f .  10, f o r  t h e  p e r f e c t  t o r o i d a l  s h e l l  c o r r e s p o n d i n g  t o  
s h e l l  B i s  shown i n  F i g .  25 .  
8 
'Hutch inson ' s   load-d isp lacement   p lo t  i s  based   on   ax ia l   e longa t ion .  An 
a p p r o p r i a t e  c o n v e r s i o n  w a s  a p p l i e d  t o  h i s  s l o p e  t o  a c c o u n t  f o r  d i f f e r -  
e n c e s  i n  n o n d i m e n s i o n a l i z a t i o n .  
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VI. CONCLUSIONS 
A. FINAL LOADS AS BUCKLING LOADS 
+ 
As a consequence  of  the  method of  so lu t ion  used  in  the  computer  pro-  
g r a m ,  t h e  s o l u t i o n  may f a i l  t o  c o n v e r g e  f o r  b o t h  s o f t e n i n g  a n d  s t i f f e n i n g  
n o n l i n e a r i t i e s .   T h u s ,  a c a r e f u l   e x a m i n a t i o n   o f   t h e   s o l u t i o n   s h o u l d   b e  
made b e f o r e   p r o c l a i m i n g  a f i n a l  l o a d  t o  b e  a buckl ing   load .   For   ax isym-  
metric snap   buck l ing ,   t he   l oad -d i sp lacemen t   cu rves   shou ld   i nd ica t e   t ha t  
a r e g i o n  o f  n e a r l y  z e r o  s l o p e  h a s  b e e n  r e a c h e d .  F o r  b i f u r c a t i o n  b u c k l i n g  
loads ,  t he  above  shou ld  ho ld  t rue  fo r  t he  moda l  d i sp l acemen t s ,  and  the  
l i n e a r  p a r t  o f  t h e  modal  d i sp lacements  must  be  negl ig ib le  compared  to  
b o t h  t h e  n o n l i n e a r  p a r t  o f  the  modal  d i sp lacenten ts  and  the  ax isymmetr ic  
d i s p l a c e m e n t s .  
There are i n s t a n c e s  when i t ' s  n o t  c o m p l e t e l y  c lear  why t h e  s o l u t i o n  
f a i l s  t o  c o n v e r g e .  F o r  e x a m p l e ,  c o n s i d e r  t h e  r e s u l t s  o b t a i n e d  f o r  v e r y  
s m a l l  f i n i t e  area loads  on a c l amped   sphe r i ca l  cap. For  h > 15, t h e  
e x p e r i m e n t a l  r e s u l t s  i n d i c a t e  t h a t  a n  a x i s y m m e t r i c  s n a p  o c c u r s  a t  a n  
a p p r o x i m a t e  v a l u e  o f  l o a d  f o r  w h i c h  t h e  c c m p u t e r  s o l u t i o n  f a i l e d  t o  
converge .   However ,   for  X < 15 the   so lu t ion   expe r i enced   conve rgence  
problems a t  l o a d s  w h e r e  t h e  s l o p e  c h a n g e d  s i g n i f i c a n t l y ,  b u t  no snap  
buckl ing   occur red .   Archer   [Ref .  111 o b t a i n e d   s i m i l a r   t h e o r e t i c a l   r e s u l t s  
for   s imply   suppor ted   caps   us ing   the   pseudo  load   approach .  Mescal1 [Ref .  
121 n o t e s  t h a t  A r c h e r ' s  f i n a l  l o a d s  were loads   fo r   wh ich   t he   numer i ca l  
procedure  could  not   converge  and were n o t  d u e  t o  t h e  e x i s t e n c e  o f  a 
maximum on the   load-d isp lacement   curve .   Throughout   h i s   s tudy   an  a t t e m p t  
has  been made t o  c l a r i f y  t h i s  p o i n t .  I n  t h o s e  cases w h e r e   t h e   r e s u l t s  
d i d  n o t  i n d i c a t e  t h e  e x i s t e n c e  o f  a maximum on the  load -d i sp lacemen t  
c u r v e ,  t h e  f i n a l  l o a d s  were n o t  c l a s s i f i e d  as buck l ing  loads .  
B .  AX1SY"ETRIC SNAP  BUCKLING 
1. S p h e r i c a l  Cap 
The r e s u l t s  o b t a i n e d  f o r  t h e  a x i s y m m e t r i c  s n a p  b u c k l i n g  l o a d s  o f  
t h e  s p h e r i c a l  c a p  under  uni form pressure  compare  favorably  wi th  prev i -  
o u s l y   p u b l i s h e d   t h e o r e t i c a l   r e s u l t s .   S i n c e   t h e   l o a d - d i s p l a c e m e n t   c u r v e  
shows t h e  a p p r o a c h i n g  r e g i o n  o f  z e r o  s l o p e  a s s o c i a t e d  w i t h  t h e  e x i s t e n c e  
o f  a maximum a n d  s n a p  b u c k l i n g , a n d  s i n c e  c o n v e r g e n c e  f a i l u r e  c a n  d e f i n i t e l y  
b e  a t t r i b u t e d  t o  t h i s  s o f t e n i n g  n o n l i n e a r  b e h a v i o r ,  t h e  c l a s s i f i c a t i o n  o f  
t h e  f i n a l  l o a d s  a s  s n a p  b u c k l i n g  l o a d s  i s  c o n s i d e r e d  j u s t i f i e d .  
The case of  small a rea   l oad ing ,   app roach ing  a poin t   load ,   gave  
r e s u l t s  f o r  h i g h  r ise  caps t h a t  compare  favorably  wi th  exper imenta l  
r e s u l t s .  The   l oad -d i sp lacemen t   behav io r   i nd ica t ed   t ha t   snap   buck l ing  
was i m i n e n t .  A t  smaller va lues   o f  X ,  t h e   b e h a v i o r  i s  n o t   c h a r a c t e r i z e d  
b y  i n d i c a t i o n s  t h a t  a maximum e x i s t s  on the  load -d i sp lacemen t  cu rve ,  and  
f a i l u r e  o f  t h e  s o l u t i o n  t o  c o n v e r g e  i s  n o t  a s s o c i a t e d  w i t h  s n a p  b u c k l i n g ,  
b u t  w i t h  m o d e r a t e  c h a n g e s  i n  s t i f f n e s s  o f  t h e  s h e l l .  
A s  t h e  a r e a  o f  l o a d i n g  i s  i n c r e a s e d ,   t h e   b e h a v i o r  is a g a i n  
c h a r a c t e r i z e d  b y  t h e  t y p e  o f  n o n l i n e a r  b e h a v i o r  i n d i c a t i v e  o f  s n a p  
b u c k l i n g  a n d  t h e  f i n a l  l o a d s  o b t a i n e d  are c o n s i d e r e d  t o  b e  s n a p  b u c k l i n g  
loads .  
2 .  Truncated  Hemisphere 
F i n a l  l o a d s  were o b t a i n e d  f o r  t h e  a x i s y m m e t r i c  b e h a v i o r  o f  t h e  
t runca ted   hemisphere   under  ax i a l  tens ion .   However ,   these   loads   do   no t  
r e p r e s e n t  c r i t i c a l  l o a d s ,  b u t  are t h e  las t  v a l u e  o f  t h e  l o a d  f o r  w h i c h  
a s o l u t i o n   c o u l d   b e   o b t a i n e d .   F a i l u r e   o f   t h e   s o l u t i o n   t o   c o n v e r g e  i s  
a t t r i b u t e d  t o  s t i f f e n i n g  n o n l i n e a r i t i e s .  
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C . BIFURCATION  BUCKLING 
The r e s u l t s  o f  t h e  i n v e s t i g a t i o n  o f  asymmetric behav io r  unde r  nea r ly  
axisymmetric l o a d  i n d i c a t e  t h a t  t h e  p r o g r a m  c a n  b e  u s e d  t o  p r e d i c t  
b i f u r c a t i o n   b u c k l i n g   l o a d s .   I n  fac t ,  t h e   r e s u l t s   o b t a i n e d   f o r   t h e  
b i f u r c a t i o n  l o a d s  u s i n g  t h e  a s y m p t o t i c  p r o c e d u r e  are b e t t e r  t h a n  was 
a n t i c i p a t e d ,  s i n c e  a n  e x t r e m e l y  s m a l l  d i s t u r b a n c e  i n  t h e  mode i s  a l l  
t h a t  i s  r e q u i r e d  t o  t r i g g e r  n o n l i n e a r  m o d a l  d i s p l a c e m e n t s  t h a t  a re  much 
l a r g e r  t h a n  t h e  l i n e a r  modal   displacements  as the  load  approaches  a 
c r i t i c a l  v a l u e .  
1. S p h e r i c a l  Cap 
The b i f u r c a t i o n  l o a d s  o b t a i n e d  f o r  t h e  s p h e r i c a l  c a p  f o r  a l l  
l o a d i n g  c o n d i t i o n s  are i n  v e r y  good agreement  with previously publ ished 
t h e o r e t i c a l  r e s u l t s .  F o r  a n  a s y m m e t r i c  l o a d  w i t h  a maximum magnitude  of 
. O l f  t o  .OS$ of  the  ax i symmet r i c  l oad ,  t he  l i nea r  a symmet r i c  d i sp l acemen t s  
are n e g l i g i b l e  compared to  the  ax i symmet r i c  d i sp l acemen t s  and  the  non l inea i  
asymmetr ic  d i sp lacements  are n e g l i g i b l e  u n t i l  t h e  a p p l i e d  l o a d  r e a c h e s  a 
v a l u e   w i t h i n  95% o f  t h e  f i n a l  l o a d .  The b u c k l i n g  mode shapes  compare 
f a v o r a b l y  w i t h  p r e v i o u s  r e s u l t s .  
2 .  Truncated  Hemisphere 
The b i f u r c a t i o n  l o a d s  o b t a i n e d  f o r  t h e  t r u n c a t e d  h e m i s p h e r e  are 
i n  g o o d  a g r e e m e n t  w i t h  t h e  p r e v i o u s l y  p u b l i s h e d  t h e o r e t i c a l  r e s u l t s ,  a n d  
t h e  c r i t i c a l  mode numbers are i n   e x c e l l e n t   a g r e e m e n t .   S e v e r a l   f i n a l   l o a d s  
were o b t a i n e d  f o r  low mode numbers t h a t  d o  n o t  a g r e e  w i t h  t h e  p r e v i o u s  
r e s u l t s ,  b u t  t h e s e  l o a d s  are  e a s i l y  e l i m i n a t e d  as b i f u r c a t i o n  l o a d s .  
D. IMPERFECTION SENSITIVITY 
The s e n s i t i v i t y  o f  a g i v e n  s h e l l  a n d  l o a d i n g  c o n d i t i o n  t o  i m p e r f e c t i o n -  
i s  a r e s u l t  o f  t h e  n a t u r e  o f  t h e  m o d a l  c o u p l i n g  b e t w e e n  t h e  axisymmetric 
mode and  the  asymmetric  modes.  When t h e  f a i l u r e  of t h e  s o l u t i o n  t o  
c o n v e r g e  c a n  d e f i n i t e l y  b e  a t t r i b u t e d  t o  s o f t e n i n g  n o n l i n e a r i t i e s  i n  
t h e  asymmetric mode, the computer program can be used t o  d e t e r m i n e  t h e  
coup l ing  effects a n d  t h e  s e n s i t i v i t y  can be  e s t ima ted .  
1. . .  S p h e r i c a l  . . . - . Cap . . Under  Uniform  Pressure 
For  the  p re s su re  loaded  cap  wi th  X=8, r e d u c t i o n s  i n  t h e  f i n a l  
load  wi th  increas ing  magni tude  of  imperfec t ions  are accompanied by 
r e d u c t i o n s   i n   t h e   f i n a l   v a l u e  of t h e  axisymmetric d i sp lacemen t s .   Fu r the r -  
m o r e ,  t h e  f a i l u r e  o f  t h e  s o l u t i o n  t o  c o n v e r g e  i s  d u e  t o  s o f t e n i n g  n o n -  
l i n e a r i t i e s  i n  t h e  asymmetric mode. The re fo re  , t h i s   p r e s s u r e   l o a d e d   c a p  
shows a s t r o n g   s e n s i t i v i t y   t o   i m p e r f e c t i o n s .   T h i s   c o n c l u s i o n  i s  i n  
a g r e e m e n t  w i t h  t h e  p r e v i o u s  t h e o r e t i c a l  a n a l y s i s  g i v e n  i n  R e f .  6 .  
2 .  Truncated  Hemisphere  Under Axial Tension 
The ax i symmet r i c  behav io r  o f  t he  t runca ted  hemisphe re  unde r  ax ia l  
t e n s i o n  shows s t i f f e n i n g  o v e r  t h e  e n t i r e  r e g i o n  o f  t h e  s h e l l ,  a n d  t h e  
s o l u t i o n   e n c o u n t e r s   c o n v e r g e n c e   p r o b l e m s   d u e   t o   t h i s   s t i f f e n i n g .   N e v e r -  
t h e l e s s ,  t h e  f i n a l  l o a d  f o r  s h e l l  B y  s u b j e c t e d  t o  a v e r y  small asymmetric 
l o a d  i n  t h e  c r i t i c a l  mode, i s  a b i f u r c a t i o n  l o a d ,  a n d  a s e n s i t i v i t y  a n a l y s i s  
o f  t h i s  s h e l l  i s  p o s s i b l e .   F o r   i n c r e a s i n g   v a l u e s   o f   a s y m m e t r i c   a x i a l   l o a d  
t h e r e  is no  change i n   t h e   f i n a l   l o a d .   T h i s  is  due t o  t h e  fac t  t h a t   t h e  
i m p e r f e c t i o n s  i n  t h e  axial  load  gene ra t e  d i sp l acemen t s  and  stresses on ly  
i n   t h e   u p p e r   r e g i o n  of t h e   s h e l l .   I n   t h i s   r e g i o n ,   t h e   a s y m m e t r i c   d i s -  
p l acemen t s  have  neg l ig ib l e  e f f ec t  upon  the  ax i symmet r i c  d i sp l acemen t s  , 
a n d   t h e   s h e l l   a p p e a r s   t o   b e   i m p e r f e c t i o n   i n s e n s i t i v e .  On t h e   o t h e r   h a n d ,  
a n  asymmetric p r e s s u r e  l o a d  c a u s e s  d i s p l a c e m e n t s  o v e r  t h e  e n t i r e  s h e l l .  
Fo r  ve ry  small va lues  o f  E, less t h a n  .01, t h e  asymmetric mode does  have 
some e f f e c t  on t h e  axisymmetric mode; t h e  f i n a l  l o a d  is  s l i g h t l y  r e d u c e d  
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b u t  t h e  f i n a l  d i s p l a c e m e n t s  i n  t h e  a x i s y m m e t r i c  mode are i n c r e a s e d .  
T h u s ,  t h e  s h e l l  i s  s e n s i t i v e  t o  small i m p e r f e c t i o n s ,  b u t  t h e  b e h a v i o r  
d i f f e r s   f r o m   t h a t   o f   t h e   s p h e r i c a l   c a p .   F o r   l a r g e r   i m p e r f e c t i o n s   t h e  
asymmetric mode bas a pronounced effect  upon  the  axisymmetric behav io r  
i n  t h e  c e n t r a l  r e g i o n  o f  t h e  s h e l l ,  a n d  t h e r e  i s  a s i g n i f i c a n t  r e d u c t i o n  
i n  t h e  v a l u e  o f  t h e  f i n a l  l o a d  w i t h  v i r t u a l l y  n o  c h a n g e  i n  t h e  f i n a l  
va lue   o f   t he   ax i symmet r i c   d i sp l acemen t s .   Th i s   t ype   o f   behav io r  i s  
similar t o  t h a t  o f  t h e  s p h e r i c a l  c a p .  
Hu tch inson   [Ref .   101   sugges t ed   t ha t   t he   imper fec t ion   s ens i t i v i ty  
o f  Y a o ' s  s h e l l s  s h o u l d  a g r e e  q u a l i t a t i v e l y  w i t h  t h e  d e g r e e  o f  i m p e r f e c t i o n  
s e n s i t i v i t y  h e  o b t a i n e d  f o r  s i m p l y  s u p p o r t e d  h e m i s p h e r i c a l  s e g m e n t s .  
Reference 13 c o n t a i n s  a summary o f  t h e  r e s u l t s  o f  H u t c h i n s o n ' s  s t u d y  a n d  
a d i s c u s s i o n  o n  t h e  p o s t b u c k l i n g  c o e f f i c i e n t  u s e d  t o  d e t e r m i n e  s e n s i t i v i t y  
The i m p e r f e c t i o n  s e n s i t i v i t y  o f  c i r c u l a r  c y l i n d r i c a l  s h e l l s  u n d e r  ax ia l  
compression is  u s e d  a s  a c a l i b r a t i o n  f o r  t h e  s i g n i f i c a n c e  o f  t h e  p o s t -  
b u c k l i n g   c o e f f i c i e n t .   B a s e d  on H u t c h i n s o n ' s   p r e d i c t i o n ,   s h e l l  B i s  n o t  
as s e n s i t i v e  t o  i m p e r f e c t i o n s  as t h e  c y l i n d e r  o r  t h e  s p h e r i c a l  s h e l l ,  
but  i t  d o e s  f a l l  i n  a reg ion  where  a s i g n i f i c a n t  r e d u c t i o n  i n  t h e  b u c k l i n g  
load may occur .  
The p r e s e n t  r e s u l t s  f o r  small 6 are i n  a g r e e m e n t  w i t h  H u t c h i n s o n ' s  
p r e d i c t i o n .  However, f o r   l a r g e r  E t h e   r e s u l t s   i n d i c a t e   a n   a p p a r e n t   c h a n g e  
i n  t h e  n a t u r e  
s p h e r i c a l  cap. 
are about   one 
f o r   p r e s s u r e  1 
o f  t h e  s e n s i t i v i t y  a n d  t h e  b e h a v i o r  r e s e m b l e s  t h a t  of t h e  
S i n c e  t h e  e x p e r i m e n t a l  b u c k l i n g  l o a d s  o f  s h e l l s  A and B 
h a l f  o f  t h e  t h e o r e t i c a l  b i f u r c a t i o n  l o a d s ,  w h i c h  i s  common 
o a d e d  s p h e r i c a l  c a p s ,  t h i s  a n a l y s i s  a p p e a r s  t o  o f f e r  a 
r e a s o n a b l e  e x p l a n a t i o n  f o r  t h e  l a r g e  d i s c r e p a n c y  b e t w e e n  t h e  b i f u r c a t i o n  
loads  and  the  expe r imen ta l  buck l ing  loads .  
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APPENDIX A 
USER  PREPARED  SUBROUTINES 
The fo l lowing  are u s e r  p r e p a r e d  s u b r o u t i n e s  n e c e s s a r y  t o  d e s c r i b e  
t h e  s t i f f n e s s ,  g e o m e t r y  a n d  l o a d s  f o r  t h e  v a r i o u s  s h e l l s  e x a m i n e d  i n  
t h i s   s t u d y .   C e r t a i n   i n p u t   p a r a m e t e r s  were r e q u i r e d   b e f o r e   c a l c u l a t i o n  
o f   a n y   q u a n t i t i e s   i n   t h e   s u b r o u t i n e s .   T h e s e   v a l u e s  were i n p u t  i n t o  t h e  
main  par t  of the program. 
KMAX - t o t a l  number of m e r i d i o n a l   s t a t i o n s  
MNMAX - t h e  number of terms used i n  t h e  e x p a n s i o n  o f  t h e  
Nu - P o i s s o n ' s   r a t i o  (v) 
ELAST - r e f e r e n c e  m o d u l u s  o f  e l a s t i c i t y  (E ) 
TKN - r e f e r e n c e   t h i c k n e s s  (h ) 
CHAR - c h a r a c t e r i s t i c   l e n g t h  (a) 
S I G O  - r e f e r e n c e  stress (oo) 
app l i ed   l oad  
0 
0 
A .  STIFFNESS 
The s t i f f n e s s  q u a n t i t i e s  n e c e s s a r y  i n  t h e  p r o g r a m  a r e  c a l c u l a t e d  a t  
e a c h   m e r i d i o n a l   s t a t i o n  (K) by   sub rou t ine  BDB. The nondimensional  form 
o f  t h e  F o r t r a n  v a r i a b l e s  f o r  a homogeneous , i s o t r o p i c ,  c o n s t a n t  t h i c k n e s s  
s h e l l  are as f o l l o w s :  
1 
B =  =- 2 (E = Eo, h = 
Eoho(l-v ) (1-v2) h O )  
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Since  a l l  t h e  s h e l l s  e x a m i n e d  were assumed t o  be  homogeneous, 
i s o t r o p i c  a n d  c o n s t a n t  t h i c k n e s s ,  o n l y  o n e  s u b r o u t i n e  was r e q u i r e d .  





3v3 (10 )  ,w3 (10) 
B=l. / (1. -NLJ**2) 






The g e o m e t r i c  q u a n t i t i e s  n e c e s s a r y  i n  d e s c r i b i n g  t h e  s h e l l s  are 
d e f i n e d   i n   s u b r o u t i n e  GEOM. The fo l lowing  are the   nondimens iona l  
F o r t r a n  v a r i a b l e s  r e q u i r e d  a t  e a c h  m e r i d i o n a l  s t a t i o n  (K) .  
DEL = S (KMAX- l )a  
OMT(K) = [E] 
e 
OMXI(K) = 121 
S 
DEOMX(K) = [-] 
1. S p h e r i c a l  Cap 
P r i o r  t o  c a l l i n g  s u b r o u t i n e  GEOM, c e r t a i n  q u a n t i t i e s  w e r e  i n p u t  
o r  c a l c u l a t e d  i n  MAIN a n d  a r e  as fo l lows :  
FCTZ = )c ( inpu t )  
CHAR = Rs = R ( inpu t  ) 
HTR = H ( c a l c u l a t e d )  
F C T L  = S ( c a l c u l a t e d )  
R L  = r ( c a l c u l a t e d )  
e 
0 
The n e c e s s a r y  s t a t e m e n t s  i n  MAIN r e q u i r e d  f o r  c a l c u l a t i n g  t h e  d e s i r e d  
q u a n t i t i e s  are as f o l l o w s :  
HTR=TKN*(FCTZ**2)/SQRT(58.*(1.-NU**2)) 
RL=SQRT ( (2 . WHAR*HTR) - (HTR**P ) ) 
FCTL-CHAR*ARSIN(RL/CHAR) 




O / B L 8 / R ( 2 0 0 )  ,GAM(200) ,OMT(200)  
3 / B L l l / O M X I ( 2 0 0 )   , P H E E , T O , T 2  





DO 4 K=2 , JQ4AX 
EX=K 
THET=(RK- 1. )*DEL 
R(K)=SIN(THET)  
GAM(K)=COS  (THET)/R(K) 
OMT(K)=l .  
OMXI ( K ) = l .  
4 DEOMX (K)=O . 
R(  l ) = O .  
GAM( 1)=0. 
om( l)=l. 




2 .  Truncated  Hemisphere 
The i n p u t  q u a n t i t i e s  r e q u i r e d  i n  M A I N  are as fo l lows :  
PHI0 = flo ( i n p u t  i n  r a d i a n s )  
CHAR = Rs = Re ( i n p u t )  
Subrout ine  GEOM is as fo l lows :  
57 
SUBROUTINE GEOM 
(COMMON  STATEMENTS) 
RK=KMAX-l 
DELFPHIO/RK 
DO 13 K=l,KMAX 
RK=K- 1 
BETA=PHIO-  (RK*DEL) 
R ( K ) = l .  - (1. -COS (BETA)) 
OMT(K)=COS (BETA)/R(K) 




13 DEOMX (K) =O . 
C .  LOAD 
The axial  l o a d i n g  case i s  covered  in  Appendix  C a n d  t h e  p r e s s u r e  
load ing  case is d e s c r i b e d  i n  t h e  f o l l o w i n g .  
The r e f e r e n c e  p r e s s u r e  l o a d s  f o r  e a c h  c o e f f i c i e n t  u s e d  i n  t h e  c o s i n e  
e x p a n s i o n  o f  t h e  l o a d ,  a t  e a c h  m e r i d i o n a l  s t a t i o n ,  were c a l c u l a t e d  o r  
d e f i n e d   i n   s u b r o u t i n e  PLOAD. The fo l lowing  are the   nondimens iona l   For t ran  
v a r i a b l e s  r e q u i r e d  




F o r  t h e  s h e l l s  e x a m i n e d ,  t h e  f o l l o w i n g  r e f e r e n c e  v a l u e s  were used  and 
were i n p u t  o r  c a l c u l a t e d  i n  MAIN.  
MOD1 - t h e  f i r s t  asymmetric mode number used  in  load  
d e s c r i p t i o n   ( i n p u t )  
C H A R = a = R  = R  ( i n p u t  ) 
SIGO = D:= qo ( c a l c u l a t e d )  
The s t a t e m e n t  r e q u i r e d  t o  c a l c u l a t e  SIGO i s  
= h = h S  8 ( i n p u t )  
1. S p h e r i c a l  Cap 
The l o a d  d e s c r i p t i o n  f o r  t h e  s p h e r i c a l  c a p ,  i n  a l l  cases, 
r e q u i r e d  a symmetric p res su re  load  and ,  fo r  t he  ma jo r i ty  o f  runs ,  one  
o r  more  modal   pressure  loads.  The symmetric mode (n=O) was always 
m(1) and PR(1) was e q u a l  t o  -1. c o r r e s p o n d i n g  t o  a n  e x t e r n a l  p r e s s u r e .  
A F o r t r a n  v a r i a b l e ,  FCTR, was an  inpu t  pa rame te r  de t e rmin ing  the  number 
of s t a t i o n s   l o a d e d   a n d  was e q u a l  t o  KMAX f o r  t h e  u n i f o r m  l o a d ,  The 
magnitude of  the asymmetr ic  load was governed  by  the  input  vaz iab le  EPSL. 
The s u b r o u t i n e  PWAD f o r  t h e  s p h e r i c a l  c a p  i s  as f o l l o w s :  
SUBROUTINE  PLOAD(K) 
COMMON/BL32/TKN,ELAST,CHAR,SIGO/IB~/NN(10),MNINIT 
8/BL6/2(4,220) ,SOE,OSE,ALOAD/IBLl/"AX 
5/BL3/PR(10)  ,PX(lO) ,PT(lO)/IBLk)KMAX,KL 
6/BL8/R(200) ,GAM(200) ,OMT(2OO)/BIL2/EPSL,MODl,LINA 
M=MOD 1 - 2 
DO 10 I=l,"AX 
10 NN(I)=ESI-I 
hi( l)=O 
IF(K.GT.FCTR) GO TO 39 
DO 11 I=l,MNMAX 
11 PR(I)=EPSL 
PR( 1 ) ~ -  1. 
GO TO 40 




2.   Truncated  Hemisphere 
For  the  t runca ted  hemisphe re  the  on ly  p re s su re  load  used  w a s  an 
asymmetric l o a d  i n  o n e  mode,  and PR(1) was  a l w a y s  e q u a l  t o  z e r o .  The 
For t r an  pa rame te r  EPSL w a s  used t o  g o v e r n  t h e  m a g n i t u d e  o f  t h e  a s p m e t r i c  
axial  load and the magnitude of the  asymmetr ic  pressure  load  was s p e c i f i e d  
w a s  s e t  e q u a l  t o  z e r o .  S u b r o u t i n e  PLOAD f o r   t h e   t r u n c a t e d   h e m i s p h e r e  i s  
as fo l lows  : 
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ADDITIONS  TO  THE PROGRAM FOR  LINEAR  SYMMETRIC  SOLUTION 
The f o l l o w i n g  i s  a l i s t i n g  of t h e  s t a t e m e n t s  a n d  t h e i r  l o c a t i o n  
w i t h i n  t h e  v a r i o u s  s e c t i o n s  of t he  p rogram tha t  a l lowed  the  non l inea r  
terms in  the  symmet r i c  mode t o  be  by-passed  and  the  l inear  so lu t ion  
o b t a i n e d .  
MAIN 
(COMMON BLOCKS) 03 1 
COMMON/BIL~/EPSL,MOD~ , LINA 
4032 
f READ(5,  102)NU,SIG0,ELAST,TKNyCHAR 
C S E T  LINA=l FOR LINEAR  PREBUCKLING 
03 8 
LINA=1 
\I/ READ (5  , 102 ) DELOAD , E P S  03 9 
10 W R I T E ( 6 , 2 0 1 )  NO 05 1 
I F ( L I N A . E Q .   1 ) W R I T E ( 6 ,  118) 
118 FORMAT(48X, 'LINEAR PREBUCKLING'//)  
I WRITE (6 ,100)  T I T L E  052 
SUBROUTINE XANDZ 53 1 





DO 8 M=l,MNMAX 622 
CALL TLQAD (1) 
623 
IF(f'4.EQ.1.AND.LINA.EQ.l) GO TO 7 
FFS (1 ,M)=-TT(M)*ALOADtOSE*(BXl(M). . . . ETC . . . 62 4 
FFS (2 ,M)=OSE*(Bl *Dl *EST1 (M. . . . ETC. . . 62 5 
62 6 FFS (3 ,M)=LAM2=1*DlW(M)*ALOAD-. . . ETC. , . 
GO TO 8 
7 FFS (1 ,M)=O. 
FFS (2  ,M)=O. 
FFS (3 ,M)=O. 
8 FFS ( 4  ,M)=O . 627 
v 
DO 14 M=l,MNMAX 
CALL TLQAD(KMAX) 
IF(M.EQ.l.AND.LINA.EQ.1) TO  TO 11 
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FLS (l)=-TT(M)*AIDAD+OSE*(BX3 (M) . . . . .ETC. . . 65 1 
FLS (2)= OSE*(BL*Dl*BXT3 (M)+EX3. . . . . ETC. . . 652 
FLS (3)=LAM2*GAML*Dlw(M)*ALOAD. . . . .ETC. . . 653 
GO TO 13 
11 FLS (1)=0. 
FLS (2)=0. 
FLS (3)=0. 
13 IK=KL+KMAX*(M- 1) 654 
V 





EX2 T=EX2 (M) 066 
ET2T=ET2 (M) 
067 
7 IF(LINA.EQ.l.AND.M.EQ.1) TO TO 31 
62 
GEE(l)=GEE(l)*OSE*(BS*(DBX+DBE+GA*. . . . .ETC.. . 068 
2 (EXT2T+E_T_T2T)))WDEL 
07 6 
31 IF(K.GT.l)  GO TO 10 
DO 20 I=1,4 - 078 
SUBROUTINE  OUTPVT(IM0DE) 
t 
J, 
? TTS  =TT (MN) *ALOAD 52 1 
445 
(COMMON " BLOCKS ) 47 3 
COMMON/BII;!/EPSL,MOD~,LINA 
47 4 
IF(MN.EQ.  1.AND.LINA.EQ. 1) GO TO 13 
EX=(U3 (MN) -U1 (MN))WDLI +OXW2 (MN) + . . . . . ETC . . . 4 
4 1 + ENL*SOE*BXT3 (MN)) 525 
- 522 
GO TO 14 
ET=ENR*V2  (MN)+GAW2  (MN)+OT*W2  (MN) 
13  EX=(U3 (MN) -U 1 (MN) ) WGLI+OX*W2 (MN) 
EXT=.5*(  (V3  (MN)-Vl(MN))WDLI-ENRW2  (MN)-GA*V2 (MN)) 
14 KT=ENR*PHIT (MN)+GA*PHIX (MN) 526 
KXT=.  5*(ENR*(-PHIX(MN)  -GA*W2 (MN) + (W3. . . . .ETC . . . 527 
CALL  TLOAD(K)  85 1 
TTS =TT (MN) *ALOAD 852 
IF(MN.EQ.l.AND.LINA.EQ.1) GO TO 15 
EX=(U3 (MN) -U 1 (MN) WDLI  +OXW2 (MN) . . . . . ETC . . . 853 
f 1 + ENL%OE*BXT3 (MN) ) 856 
GO TO 16 
15 EX=(U3 (MN)-U1(MN))JrIlDLI+OX*W2 (MN) 
ET=ENR*V2 (MN)+GA%T2 (MN)+OTW2 (MN) 
EXT=. 5*(  (V3  (MN)-Vl  (MN))WDLI - ENRW2 (MN)-GA*VZ (MI?)) 
16 KIT=ENR*PHIT  (MN)+GA X (MN) 857 
KXT=. 5 (ENR*(OPHIX (MN)*GAW2 (MN)+(W3 (MN) . . . . . ETC . . . 858 
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APPENDIX C 
ADDITIONS  TO THE PROGRAM  FOR  ASYMMETRIC AXIAL LOAD 
I n  o r d e r  t o  a d j u s t  t h e  m a g n i t u d e  o f  t h e  asymmetric a x i a l  l o a d ,  
a d d i t i o n a l  l o g i c  was i n c o r p o r a t e d  i n  s u b r o u t i n e s  XANDZ and FORCE. 
The axial  loads  are en te red  a s  boundary  cond i t ions  and  are d e s c r i b e d  
b y  t h e  F o r t r a n  v a r i a b l e s  ELlS  and ELLS. A F o r t r a n  v a r i a b l e  EPSL was 
used  to  de te rmine  the  magni tude  of  the  asymmetr ic  load  and  i s  con ta ined  
i n  t h e  COMMON b l o c k  B I K ,  which was in t roduced  in  Appendix  B .  The sym- 
metric p a r t  of the  load  was a l w a y s  t a k e n  a s  t h e  f i r s t  mode, desc r ibed  
by N N ( l ) = O .  The n e c e s s a r y   s t a t e m e n t s   r e q u i r e d   a r e   a s   f o l l o w s :  
SUBROUTINE XANDZ 53 1 
DO 14   I=1 ,4  657 
suMz=o . 658 t DO 15  J=1,4  659 
IF(M.EQ.2.AND.I.EQ.l)  ELLS(J)=ELLS(J)*EPSL 
13 SUMZ=SUMZ+ZFIM(I,J,M)*. . . .ETC..  . 660 
SUBROUTINE  FORCE (K) 960 
? DO 2 1  J=1,4  081 
IF(M.EQ.2 .AND.I.EQ. 1 )  E L l S  (J)=ELlS (J)*EPSL 
2 1 SUMX=SUMX+DL(I, J ,M)*EL~s. . . . . ETC . . . 082 
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